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- | ,                                           (1.2)
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 -  + .                                            (1.3)

)
( ) = ( )/| | .                                                (1.4)
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. .
0,001406  (1,4,0,6).
5,0300  (5,0,3,0,0).

,  400000 
, : 400 103  0,400 106. -

.
, 

-
. , -

. -
.

.
=3,7512 ,   =0,0057.

1)  =0,0057<0,01 , 
3,7,5,  1, 2 .

2)  =0,0057<0,05=0,5 10-2 , -
 3,7.   5, 1, 2 .

. =44,00,
=43,96.
(a)  =| - |=0,04<0,05=0,5 10-1 ,  4,4,0 .

. -
=2,3544 , =0,002.

1) a=  | | =2,3544 0,002=0,00471<0,01  2,3,5 
.

2) a 1=2,35.
3) 

a1= a+ =0,00471+0,0044=0,00911<0,01 – 1
.

. , 
=0,4357   .
1) (a) a=0,00005=0,5 10-4 ,
2) (a) = a / |=0,5 10-4 / 0,4357=0,125 10-6 .

1.4. 

-
-

. -
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4.  1 
,  1, 2, 3. -

.
5.  ( -

)    ( ,
, , ) , 

.
6.

, .
7.

.

 1

1. , -
-

.
1.1. 2,1514n.
1.2. 0,16152n.
1.3. 0,01204n.
1.4. 1,225n.
1.5. -0,0015281n.
1.6. -392,85n.
1.7. 0,1545n.
1.8. 0,003922n.
1.9. 625,55n.
1.10. 94,925n.

2. -
.

2.1. a=13267n, =0,1%.
2.2. a=2,32n, =0,1%.
2.3. a=35,72n, =1%.
2.4. a=0,896n, =10%.
2.5. a=232,44n, =1%.
2.6. a=0,0012n, =1%.
2.7. a=24356n, =0,2%.
2.8. a=47,11n, =5%.
2.9. a=11,531n, =1%.
2.10. a=0,0371n, =5%.
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3.  x, 
.

3.1. x=0,3941n, (x)=0,25 10-2.
3.2. x=0,1132n, (x)=0,1 10-3.
3.3. x=38,2543n, (x)=0,27 10-2

3.4. x=393,481n, (x)=0,1.
3.5. x=2,325n, (x)=0,1 10-1.
3.6. x=14,00231n, (x)=0,1 10-3.
3.7. x=0,0842n, (x)=0,15 10-2.
3.8. x=0,00381n, (x)=0,1 10-4.
3.9. x=-32,285n, (x)=0,2 10-2.
3.10. x=-0,2113n, (x)=0,5 10-2.

4.  x, 
  .

4.1. x=1,8921n, x=0,1 10-2.
4.2. x=0,2218n, x =0,2 10-1.
4.3. x=22,351n, x =0,1.
4.4. x=0,02425n, x =0,5 10-2.
4.5. x=0,000135n, x =0,15.
4.6. x=9,3598n, x =0,1%.
4.7. x=0,11452n, x =10%.
4.8. x=48361n, x =1%.
4.9. x=592n, x =2%.
4.10. x=14,9360n, x =1%.

5. ,
, .

5.1. 0,145n+321n+78,2n.
5.2. 0,301n+193,1n+11,58n.
5.3. 398,5n+78,28n+0,34567.
5.4. 197,6n+23,44n+201,55n.
5.5. 0,115n+53,4n+61,5n.
5.6. 561,005n+7345+0,115n.
5.7. 28615+61,5n+31,8n.
5.8. 65,31n+22,1056n+8,78n.
5.9. 451,6n+75,11n-0,008756n.
5.10. 0,348n+0,1834n+9,27n.

6. -
, , .
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6.1. 3,49n 8,6n.
6.2. 25,1n 1,743n.
6.3. 0,02n 16,5n.
6.4. 1,78n 9,1n.
6.5. 482,56n 7256 0,0052n.
6.6. 2,31n 751,273n 3567.
6.7. 56,11n 341,5n 611,255.
6.8. 2,35n 0,000125n.
6.9. 3,2n 347 0,05671n.
6.10. 10,5n 31,1n.

 2.  

-

nyyy ,...,1,0

nxxx ,...,1,0 . -
.

y  = f(x)  .

xi x0 x1 xn

yi y0 y1 yn

xi (i=0,  1,  …,n)  -
.

f
* [x0, xn ], *  xi.

  -
:

1)  n,    n  -  -
.

naxnanxanxaxnL 1...1
10)( ,               (2.1)

xi  yi , . -
ai , 

Ln(xi) = yi  , (i=0, 1, …,n).
. -

  .
f(x)
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f(x)= Ln(x)+Rn(x),  (2.2)
Rn(x) – . f(x)

 (n+1)  [x0, xn ], 
1

0 1 01

( n )f ( )
R ( x ) ( x x )( x x )...( x x ), ( x , x )n n n( n )!

.       (2.3)

2)  Ln(x*). yi

, -

)*(xnL Ln(x*).

, f(x) )*(xnL .
3) -

,)*)...(1
*)(0

*(
!

1)*( nxxxxxx
n

nM
xnR               (2.4)

)(
)(

,
0

max x
n

f
nxx

nM .                                  (2.5)

4) -

)*()*(2 xnLxnL .                                    (2.6)

5)

)*()*(21 xnLxf .                             (2.7)

(2.1) .

2.1. 

 L(x)    n .

0l   -

nxxx ,...,1,0 .0,...,0,0y

, ,    n  
, .  n  ,   

 n 

nxxxxxx ...;2;1 ,
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, , . 
)(...)2)(1(0 nxxxxxxconstl .

0 0 0 0 1 0 2 0
1

0
0 1 0 2 0

l ( x ) y const ( x x )( x x ) ... ( x x );n

const y
( x x )( x x ) ... ( x x )n

,

0l

)
0

(...)
20

)(
10

(

)...()
2

)(
1

(

00
n

xxxxxx
n

xxxxxx
yl .

,  i-

il  (i=1,…,n) 

nxxx ,...,1,0   0,...,,...,0 iy ,  .

)(...)
1

()
1

(...)
1

)(
0

(

)(...)
1

()
1

(...)
1

)(
0

(

n
x

i
x

i
x

i
x

i
x

i
xx

i
xx

i
x

n
xx

i
xx

i
xxxxxx

iyil

n

ij

j j
x

i
x

j
xx

i
yil

0
.

  

n

i

n

ij

j j
x

i
x

j
xx

iy
n

i ilxL
0 00

)( .                         (2.8)

. , -
n.

 Ln(x*), -
 (1.8),  (4), 

n

i iy
nxixixixixixxixxix
nxxixxixxxxxx

0 ))...(1)(1)...(1)(0(

)*)...(1
*)(1

*)...(1
*)(0

*(
2 ,    (2.9)

iy  -  ( ).
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2.2. 

  , -
.

 k j
k y . 

:

j
k

j
k

j
k

jjjjjj yyyyyyyyy 1
1

1
1

2
1 ,...,, .

.

y0          y1         y2         y3      …      yn-1       yn

y0 y1 y2 y3    … yn-1

2y0
2y1

2y2  … 2yn-2

3y0
3y1 … 3yn-3

4y0 … 4yn-4
…….

 P(x)   ( xi+1 -  xi = h = const,
ni ...,,0 -1,  h – ) 

)1(...)1)(0(...)1)(0(2)0(10)( nxxxxxxnaxxxxaxxaaxP ,

nxxx ...,,1,0  -  P(x).

  ai   iyixP )( .

x=x0,  00,00)0( yaayxP .

x=x1,  
h

y
axxaayxP 0
1),01(101)1( .

x=xi ihi

yi

ia
!

0 .

ai  P(x),
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2
0 0

0 0 0 122

0
0 1 1

y y
P( x ) y ( x x ) ( x x )( x x ) ...

h !h
ny

( x x )( x x ) ... ( x x ).nnn! h

             (2.10)

.
 x* - , -

.
,   x0 –  x*

,    (2.2) 

,)1)...(2)(1(
!
0

...)2)(1(
!3
0

3
)1(

!2
0

2

!1
0

0)(

ntttt
n

yn

ttt
y

tt
y

t
y

ytIP
       (2.11)

  t 
h

xxt 0
*

   .

PI(t*) -

1
11 1 11 1 1

1
1 2 2 1 22

nmax yiM [ a,b]n * * * * * *n h t ( t )...( t n ) t ( t )...( t n) ;
( n )! ( n )!

* * *t ( t )...( t n )
* * * * nt t ( t ) ... ,

n!

*  - .
 xn –  x* ,  -

,)1)...(1(
!
0

...)2)(1(
!3

3
3

)1(
!2

2
2

!1
1)(

nttt
n

yn

tttny
ttny

tny
nytIIP

   (2.12)

h
xxt n

*

.
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PII(t*)

1
11 1 11 1 1

1
1 2 2 1 22

nmax yiM [ a,b]n * * * * * *n h t ( t )...( t n ) t ( t )...( t n ) ;
( n )! (n )!

* * *t ( t )...( t n )
* * * * nt t ( t ) ... .

n !

 2

 [1,00;  1,20]  ( .  2.1).  -
, f(x)

 (  0,1)
 1,05; 1,09 ; 1,13;  1,15; 1,17. 

.
 2.1

x ex e-x sh x ch x sin x cos x ln x
1.00 2.7183 0.3679 1.1752 1.5431 0.8415 0.5403 0.0000
1,01 2,7456 0,3642 1,1907 1,5549 0,8468 0,5319 0,0100
1,02 2,7732 0,3606 1,2063 1,5669 0,8521 0,5234 0,0198
1,03 2,8011 0,3570 1,2220 1,5790 0,8573 0,5148 0,0296
1,04 2,8292 0,3535 1,2379 1,5913 0,8624 0,5062 0,0392
1,05 2,8577 0,3499 1,2539 1,6038 0,8674 0,4976 0,0488
1,06 2,8864 0,3465 1,2700 1,6164 0,8724 0,4889 0,0583
1,07 2,9154 0,3430 1,2862 1,6292 0,8772 0,4801 0,0677
1,08 2,9447 0,3396 1,3025 1,6421 0,8820 0,4713 0,0770
1,09 2,9743 0,3362 1,3190 1,6552 0,8866 0,4625 0,0862
1,10 3,0042 0,3329 1,3356 1,6685 0,8912 0,4536 0,0953
1,11 3,0344 0,3296 1,3524 1,6820 0,8957 0,4447 0,1044
1,12 3,0649 0,3263 1,3693 1,6956 0,9001 0,4357 0,1133
1,13 3,0957 0,3230 1,3863 1,7093 0,9044 0,4267 0,1222
1,14 3,1268 0,3198 1,4035 1,7233 0,9086 0,4176 0,1310
1,15 3,1582 0,3166 1,4208 1,7374 0,9128 0,4085 0,1398
1,16 3,1899 0,3135 1,4382 1,7517 0,9168 0,3993 0,1484
1,17 3,2220 0,3104 1,4558 1,7662 0,9208 0,3902 0,1570
1,18 3,2544 0,3073 1,4735 1,7808 0,9246 0,3809 0,1655
0,19 3,2871 0,3042 1,4914 1,7957 0,9284 0,3717 0,1740
1,20 3,3201 0,3012 1,5095 1,8107 0,9320 0,3624 0,1823
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 3. 

3.1. 

n .
.

xi yi ,
i=1,2,…,n .

-
. , 

y=F(x) -
. -

y=f(x), 
 [x1;  xn] -

=F(x).
-

.
,  -

a0, a1, …, am ( , -
-

, 
.), 

f(x),  -
,

. 
, -

.
, , 

a0, a1, …, am f(x, a0, a1, …, am)  
, k=f(xk)-yk,

 Mi
y=f(x) ( . . 3.1), . ,

f(x, a0, a1, …, am) 
, Mi(xi;  yi) -

, .

X  x1 x2 …  xi …  xn

Y  y1 y2 …  yi …  yn

Y

X
xi

 f(x )F i

Mi

. 3.1. 
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3.2. 

, -
a0, a1,…, am f(x, a0, a1, …, am), 

yi .

min)),...,,,((
1

2
10

1

2
n

i
imi

n

i
i yaaaxfV .                  (3.1)

-
 (m+1) .

mj
a

aaaxfyaaaxf
n

i j

mi
imi ,0,0),...,,,()),...,,,((

1

10
10

 .    (3.2)

ai
.

1. m

f(x, a0, a1, …, a m)=Pm(x)= a0 + a1x +…+ am xm .

 (3.2) 

0 1
1 1 1

2 1
0 1

1 1 1 1

1 2
0 1

1 1 1 1

n n n
m

i m i i
i i i

n n n n
m

i i m i i i
i i i i

n n n n
m m m m
i i m i i i

i i i i

a n a x ... a x y ;

a x a x ... a x y x ;

. . . . . . . . . . . . . . . . . . . .

a x a x ... a x y x .

              (3.3)

. 

0 1 m( a ,a ,..., a ) , Vmin. 
, , 
. -

.
-

:
) (xi;  yi,), ni ,0

,  ( , .)
 m;

)  (3.3) 
ai, 
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n

i
iim yxP

n 1

2))((1

.

 >> , . 
, -

=F(x)  m.
 << , -

 m.
, .

2. (xi;  yi,)
, , , -

, , , -

.
-

 ( . 3.1) -
P1(x)= b+ax.  (3.3)

1 1

2

1 1 1

n n

i i
i i

n n n

i i i i
i i i

bn a x y ;

b x a x y x .
                               (3.4)

 3.1

|/
1 

x
ab

Y

X

b

F

Aa > 0

yY
x

X 1 Y=b+aX
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.3.1

|/
-

:
) axeb

Y

X

b

F

Aa > 0

bB
yY

xX

ln
ln

Y=B+aX2

) x
a

eb
Y

X

b

F

Aa > 0

bB
yY

x
X

ln
ln

1 Y=B+aX

3 
bxa ln

Y

X

b

F

Aa > 0

1

yY
xX ln Y=b+aX

4 
axb

Y

X

F

Aa > 1

A00<a< 1

Y

X

F

Aa<0

bB
yY
xX

ln
ln
ln Y=B+aX
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 3

y=f(x), .
1.  (xi, yi) .
2. .
3.

.

1  X 0,3 0,5 0,8 1 1,4 1,7 2,0 2,1 2,4 2,9
 Y 27,58 24,70 20,68 18,20 13,72 10,78 8,20 6,42 5,32 2,62

2  X 1,0 1,2 1,4 1,6 2,0 2,2 2,6 2,7 3,0 3,5
 Y 4,80 4,22 3,68 3,18 2,30 1,92 1,28 1,15 0,80 0,43

3  X 0,3 0,7 1,1 1,3 1,4 2,0 2,1 2,4 3,0 3,5
 Y 41,17 32,77 25,33 21,97 20,38 12,10 10,93 7,78 3,10 0,85

4  X -0,4 0,1 0,6 1,1 1,2 1,5 2,0 2,2 3,0 3,2
 Y 3,32 3,02 3,72 5,40 5,88 7,51 11,09 12,68 21,01 23,48

5  X 0,4 0,6 0,8 1,0 1,2 1,4 1,6 1,8 2,0 2,2
 Y 1,79 1,55 1,32 1,10 0,91 0,74 0,59 0,46 0,35 0,26

6  X 0,3 0,7 1,1 1,3 1,4 2,0 2,1 2,4 3,0 3,5
 Y 42,27 33,87 26,43 23,07 21,48 13,20 12,03 8,88 4,22 1,95

7  X 0,4 0,6 0,9 1,1 1,4 1,6 1,9 2,1 2,5 3,0
 Y 3,440 3,100 2,603 1,890 1,640 1,303 1,103 0,763 0,450 0,448

8  X -1,0 -0,4 0,1 0,6 1,1 1,2 1,5 2,0 2,2 3,0
 Y 0,50 0,86 1,71 3,06 4,91 5,34 6,76 9,51 10,75 16,50

9  X 0,1 0,3 0,5 0,6 0,9 1,1 1,4 1,6 1,7 1,9
 Y 7,78 6,28 5,00 4,42 2,92 2,12 1,24 0,82 0,68 0,52

10. X -1,1 -0,8 -0,4 0,1 0,3 1,0 1,2 1,8 2,4 3,5
 Y 0,52 0,60 1,40 3,52 4,72 10,5 12,60 20,1 29,40 31,12
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 4. 

4.1. 

y=f(x)
x0 , . 

y x x
:

x
xfxxf

x
yxfxy

xx

)()(limlim)()( 00
0000

.               (4.1)

x0 , 
 (4.1) n  

nn a
xxx 0)()( . 0)( x  - -

, a – , n={0, 1, 2,…}. -
f(x) x0

)())(()(,
)(
)(lim)()( 0000 xfxxfy

x
yxfxy nn

n

n

n
.

n

n

n

n

a
x

xf
a
xxf

x
yxy

0

0
0

0

0 )(

)()(

)(
)()(  .                   (4.2)

y=f(x) , 
x0 , -

 (4.2) , -

).,(,)(
2
1)()()( 0

2
00 xxxfxxfxfxf

x
f

x
xfxfxf xx

2

)(max)()()( 00
0

n
xx

n

n

a
xf

x
yxy 0

0
)(

2

)(max

)(
)()( 0 .
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1

1

)(
)(

)(
)(

n

n

n

n

x
y

x
y .                                 (4.3)

4.2. 

y=f(x)  [a;  b]  
{xi}, i=0,  1,  …, n  yi=f(xi),
a= x0 ,  b= xn.

xi

n
abh    n , 

xi= x0 +i h   (xi+1= xi +h).
-

yi xi  
h.

, 
yi xi, -

Lm(x) m, 

Lm(xk)= f(xk)= yk    (k=i, i+1,…, i+m n  ).

Lm(x), f(x)
[xi, xi+m]. Lm(x), -

 { xk }  (k=i, i+1,…, i+m).
m=1, L1(x) - , 

 (xi , yi), (xi+1 , yi+1). 

1 1
1 1 1

1 1

1 1
1

i i i i
i i i i

i i i i

i i i i
i i

x x x x x x x xL ( x ) y y y y .
x x x x h h

y y y y
y y L ( x ) .

h h h

m=2, L2(x) - , -
,  (xi , yi),  (xi+1 , yi+1), (xi+2 , yi+2). 

L2(x) [xi , xi+2].
1 2 2 1

2 1 2
1 2 1 1 2 2 2 1

1 2 2 1
1 22 2

i i i i i i
i i i

i i i i i i i i i i i i

i i i i i i
i i i

( x x )( x x ) ( x x )( x x ) ( x x )( x x )
L ( x ) y y y

( x x )( x x ) ( x x )( x x ) ( x x )( x x )
( x x )( x x ) ( x x )( x x ) ( x x )( x x )

y y y
( h ) ( h ) h ( h ) h h

1 2 1 2 2 12

1 2
2 i i i i i i i i iy ( x x )( x x ) y ( x x )( x x ) y ( x x )( x x ) .

h
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2 1 2 1 2 2 12

2 1 2 1 22 2

1 2 2 2 2
2
1 12 4 2 2

2

i i i i i i i i i

i i i i i i

L ( x ) y ( x x x ) y ( x x x ) y ( x x x ) .
h

L ( x ) y y y y y y .
h h

L2(x)
xi , xi+1, xi+2

f(x) :

2 1 2 1 2 2 12

1 2 1 22

1 1 2 1 2

1 1 2 1

1 2 2 2 2
2

1 13 2 2 3 4
22

1
2
1 4
2

i i i i i i i i i i i i i i i

i i i i i i

i i i i i

i i i i

y f ( x ) L ( x ) y ( x x x ) y ( x x x ) y ( x x x )
h

y ( h) y ( h) y ( h) y y y .
hh

y f (x ) L ( x ) y y .
h

y f (x ) L ( x ) y y
h 1 23i iy .

    (4.4)

212211 21)( iiiiii yyy
h

xLyyy .                                    (4.5)

f(x)  [xi ,  xi+2] -
, -

f (x)=L2(x)+R2(x), (4.6)
R2(x) .

.);(),)()((
!3

)()( 2212 iiiii xxxxxxxxfxR

-
 (4.4)  (4.5).  (4.6), 

f (x)=L 2(x)+R 2(x),  (4.7)
f  (x)=L2  (x)+R2 (x).  (4.8)

))(())(())((
!3

)()( 12212 iiiiii xxxxxxxxxxxxfxR .  (4.9)

.)()()(
3

)()( 212 iii xxxxxxfxR                        (4.10)

xi , xi+1, xi+2
 (4.9, 4.10).

2
2 2 1 2 2

12
3i i iR ( x ) R ( x ) R ( x ) h f ( ).                        (4.11)

).()(,0)(),()( 22122 fhxRxRfhxR iii
           (4.12)

,  (4.11) , -
f (x)  (4.4)  

O(h2), 
 [a; b ]  {xi}, i=0, 1, 2, …, n 2.
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0 0 1 2

1 1

2 1

1 3 4
2
1 1 2 1
2
1 4 3
2

i i i

n n n n

y y y y .
h

y y y , i , , ....,n .
h

y y y y .
h

               (4.13)

 (4.13) , 
 (4.5) h

:  xi , xi+2 h , -
xi+1  (R2 (xi+1)=0).

f(x),  [a;  b]
, 

, -
h2 , 

L3(x)  {xk},   (k=i, i+1,
i+2, i+3).

, -
:

0 0 1 2 32

1 12

3 2 12

1
2 5 4

1
2 1 2 1

1 4 5 2

i i i i

n n n n n

y y y y y .
h

y y y y , i , , ....,n .
h

y y y y y .
h

               (4.14)

. xy sin .
x 0 /6 /3

sin x 0 0,5 0,866

 (4.13, 4.14)  y (0)
 y (0) .

0 1 2

2

2

2

2

1 30 3 4 3 0 4 0 5 0 866 1 05
2
10 0
3 6 3

11 0 0 09
3 6

y ( ) y y y , , , .
h

R ( ) f ( ), ,

. f ( x ) cos x , f ( x ) sin x, f ( x ) cos x,

f ( x ) , R ( ) , .

 y (0) 1,05 0,09    (  y (0)=cos 0 = 1).
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 (4.11).

0 1 22 2

2 2

1 36
0 2 1 0 866 0 489

0 0 0 52
6 6

y ( ) y y y , , .
h

R ( ) f ( ), R ( ) , .

-
.

 4

  f(x) ( . . 2.1)  [1; 1.2]. 
 h=0,5 )()( xfxf

 1  1,1. . 
.

 5. .
,

, 

dxxf
b

a

)( . 

 [a ,b]  n x0=a,
x1= x0+h, xi+1= xi+h, …, xn= b , n

abh  – , yi – -

 f(x)  xi.
 y=f(x) 

 ( ) S(x), 
.  S(x)  [a,b], 

 ( ).

5.1. 

 [xi-1, xi], i=1,2,…,n ,  f(x) 
, , , , -

 f(x)  [xi-1,  xi], 

2
1

2
1

ii

i

xx
x .  S(x)  ( .5.1).
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.),(
...

;),(

;),(

)()()(

1
2
1

21
2
1

2

10
2
11

2
1

2
1

nn
n

ii
i

xxxxf

xxxxf

xxxxf

xfyxSxS

.5.1. 

 (  f(x) 
) -

)(
2
1i

xf  h0.

1 1 1 1 11 21 12 2 2 2 2

b n n

i i ni ia

f ( x )dx h y h f ( x ) h ( y y ... y ).   (5.1).

5.2. 

 f(x)   [xi-1, xi], (i=1,2,…,n ) 
 (xi-1,  yi-1)   (xi,  yi), . -

, .
S(x) :

x

x

y

x0 x1-1/2       x1         x2-1/2       x2

L(x)

f(x)
f(x1-1/2)

f(x2-1/2)
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,,...,2,1],,[

,)()()()(

1

1
1

1
1

nixxx
h
xxy

h
xxy

h
xxxf

h
xxxfxSxS

ii

i
i

i
i

i
i

i
ii

 ( . 5.2).

. 5.2. 

 f(xi-1), f(xi)   h. -

,
2. hnmS  m, n   (5.2), 

1 1

1 1

0
1 2 1

2 2

2

b n n
i i i i

i ia

n
n

f ( x ) f ( x ) y y
f ( x )dx h h

y y
h ( y y ... y ).

                     (5.2)

5.3.  ( )

 f(x)  [xi-1, xi], (i=1,2,…,n)  
 S(x), , -

. ,  [xi-1, xi]
 (xi-1, yi-1), (xi-1/2, yi-1/2)  (xi, yi) ( .5.3).

x

x

y

x0        x1                          x2

L(x)

f(x)

f(x0)
f(x1)

f(x2)
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. 5.3. 

 [xi-1, xi], 

.,...,2,1],,[

,
))((2))((4))((2

)()(

1

2
121

2
1

212
21

1

nixxx
h

xxxx
y

h
xxxx

y
h

xxxx
yxSxS

ii

ii
i

ii
i

ii
ii

 t [0,1] -
htxx i 1 .  t,  0, ½, 1, -

x, xi-1, xi-1/2, xi .
 S(x)  t

).,...,2,1(,)2()(4)231(

)12()1(4)21)(1()(~)()(
22

21
2

1

211

nittyttytty

ttyttyttytSxSxS

iii

iiiii

, 
1

0

1

0

22
1

0

2

6
1)2()()231( dtttdtttdttt , 

1

1

1 1 2
1 1 10

4
6

i

i

xb n n n

i i i i i
i i ia x

h
S( x )dx S ( x )dx h S ( t )dt ( y y y ). .

:

.
0 1 2 3 2 1 2 1 2 14 2

6

b

n / / n / n
a

h
f ( x )dx y y ( y y ... y ) ( y y ... y ) .   (5.3)

x

x

y

x0 x1-1/2       x1         x2-1/2       x2

L(x)f(x)

f(x0)

f(x1-1/2)
f(x1) f(x2-1/2)

f(x2)
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5.4. 

-
R(h ), h ( -

n).
b

a

b

a

dxxSdxxfhR )()()( .

-
, 

:

2
2

3
2 )(max

24
)(max

24
)( hxf

n
abhxfabhR

bxabxa
;

2
2

3
2 )(max

12
)(max

12
)( hxf

n
abhxfabhR

bxabxa
.

, 

4)4(
4

5
4)4( )(max

2880
)(max

2880
)( hxf

n
abhxfabhR

bxabxa
.

, , -
, -

.

. 
. -

h I(h ). -
I(h/2).

, I(h/2) -
I, :

)2/()(
12

1)2/( hIhIhII k
,

k=2 k=4 
.

)2/()(
12

1 hIhIk
.

)2/(hII .
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 5

,
,  n=2  n=4

. -
.

1. )785.0
4

(
1

11

0
2 Idx

x
.

2. )693.02ln(
1

11

0

Idx
x

.

3. )5.0(4sin
4

0

Ixdx .

4. )881.021ln((
1

11

0
2

Idx
x

.

5. )1(ln
1

Ixdx
e

.

6. )038612ln2()1ln(
1

0

Idxx .

7. )571.0
2

(cos
2

0

Ixdxx .

8. )1(
sin1
12

0

Idx
x

.

9. )433.0
4

(
1

1

0
2 arctgeIdx

e
e

x

x

.

10. )0(cos
0

3 Ixdx .

11. )881.0)21ln((
cos

14

0

Idx
x

.

12. )438.0)2ln2(
4
1(

1

0

Idxxarctg .
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13. )38.0(
1

11

0

Idx
e x

.

14. )26.01)4(
8
2(arcsin

2
2

0

Ixdx .

15. )346.02ln
2
1(

4

0

Ixdxtg .

16. )346.02ln
2
1(

2

4

Ixdxctg .

17. )1(
1

0

Idxxex .

18. )22.1)122(
3
2(1

1

0

Idxx .

19. )1(
cos1
12

0

Idx
x

.

20. )828.0)12(2(
1
11

0

Idx
x

.

21. )2(ln
1

2 eIxdx
e

.

22. )215.0
4

4(
4

0

2 Ixdxtg .

23. )215.0
4

4(
2

4

2 Ixdxctg .

24. )905.1
2

1(cos
22

0

eIxdxe x .

25. )905.2
2

1
(sin

22

0

eIxdxe x .
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6. 

6.1. . 

f(x) , -

-
.

,
.

                  (6.1)

: , -
 loga x ,  sin x, cos x, tg x, ctg x -

 arcsin x, arccos x, arctg x, arcctg x – -
.

, 
,  tg x = ax .

f (x)  =0  
, .  , 

.
f (x) =0 

, .
 xi -

f(x)  x ( . 6.1).

. 6.1.  f(x) = 0
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. 6.1 , 
 x . -

. ,
 x  ,  

. 
.

: -
f(x) -

 [a, b] , . f (a)·f (b) < 0 , , -
, f(x) = 0. 

: .
f(x)  

x: x = a x = b.  f(x) -
 x = 1, 2 ..., 

f(x).  ,  f i)f i+1)  <  0,   ( i,  i+1)  -
f(x) = 0. , 

. 
, 

 [a, b ]  2, 4, 8 . . 
f(x) . , 
 n  n . , 

 n+1 f(x), 
.

6.2. 
)

, -
 [a, b] f(x)=0. 

.
 ( . 6.2).

 [a, b]  c  =  (a+b)/2 -
f(c). , 

. , 
, 

. . 6.2  –  [a, c].
 [c , b] 

,  [a, c] -
,  [a, b], 
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b c . , 
 [c, b], 

 [a, c], -
c .

. 6.2.  

: [a1, b1],  [a2, b2 ],... [an , bn ].
 ( ) 

,  [an, bn ] 
.

                         (6.2)
, f(x) -

. f(x) 

. , 
 “ ” 2 1 ( . . 6.2) -

.  “ ” 
. -

, [an, bn ] -
an bn

.
-

. , 
, ,  n -

 (b a)/2n.  10  210 1024
103 ,  20  –  220 106 .
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6.3. 

f(x) = 0. 
 [a, b],  x1,

f( x), f(a) f(b), -
 ( . 6.3).

. 6.3.  

-
 ( [a, x1]  [x1,  b]  )   [a ,  b],  

f(x) .
, 

, .

 x1

                             (6.3)
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-
-

.  , 
, -

. , f(x) 
, 

, . . -
, 

(6.3) f(a) f(b) . 
.

6.4.  ( )

* f(x) = 0, 
[a, b]. , , , 

 x0 .  
f(x0 )  f (x  =  x0 ) . -

 tg . 6.4) – 
.

. 6.4.   ( )

 x1 -
 ( -

).  x1 -
. . 6.4 , 

 x*. , -
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 – . 

. 
 = 10 5 …  10 6

 5 – 6 . -

. ,
-

. , 
, -

 (6.4), 

-
. 

, 
, , -

, -

.  “ -
” 

, 
.

. :
1. , . 

 ( ) -
-

. .
2. 

. 
, 

.
3. f( x) , . -
 tg( )  0, .

(6.4)
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6.5. 
)

f(x) =0 -

                                          (6.5)
x0 x*. -

 (6.5), ,

  .

                                     (6.6)
, -

 x* .
 ( . 6.5).

, 
, .

.

, . 
, 

                                       (6.7)
 (6.7) 

. -
.

f(x)=0 -
b  x. 

.

                                  (6.8)
b -

. b , 

 ( . 6.5, ).
 (6.5),  -
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. 6.5. :
 - ;
 - ;
 - ;
 - 

, -

 (6.6) 
 (6.4).
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.

                               (6.9)
 1 < x* < 2 , f(1) = –1 < 0  f(2) = 5 > 0.

x = x 3 – 1.

. 
, ,  (6.7) -

.
,  (6.9) 

                                      (6.10)

 1  2

 (6.10) .

 6

210 :
) ; ) ;
) .

1. )0(02034 xxx .     2. )0(0523 xxx .

3. 0533 xx .                      4. )0(0754 xxx .

5. )0(05123 xxx .       6. 0xex .

7. )0(0542 23 xxx .      8. 025 xx .

9. )0(05103 xxx .      10. 0ln2 xx .

11. 0723 xx .                     12. )0(01123 xxx .

13. )0(0424 xxx .      14. 012 xe x .

15. )0(0424 xxx .      16. )0(042 23 xxx .

17. 02xe x .                         18. )0(01
2
1 xxe x .

19. )0(0cos2 xxx .         20. 0ln2 xx .
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21. 015.0ln xx .                 22. )1(015.0ln xxx .

23. 0ln
1

1
2 x

x
.                 24. )0(0

21
1

2 xe
x

x

.

25. 0ln
2

x
x

x
.

 7. 

7.1. 

. -
, , . -

, , . 
, :

1. , . -
, , -

.
2. , . -

.
3. .

 A – .
 A 

-

. 
 , 
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.

-
, .

 c

 ||c || :

 c 
k- :

,
.

 7

  
bAx 210 : ) ;  ) 

. .

1.

1
1
2

,
6
4
11

,
1023

131
105

bA .
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2.

1
0
1

,
3
2
3

,
411
131
102

bA .

3.

1
0
1

,
4
2
1

,
311
131
102

bA .

4.

1
1
1

,
1
5
5

,
421
131
115

bA .

5.

1
1
1

,
3

5
1

,
311
142
113

bA .

6.

1
1
2

,
4
9
6

,
311
142
113

bA .

7.

1
0
1

,
2
4
2

,
311
252

012
bA .

8.

1
1
1

,
5

3
1

,
511
120

113
bA .

9.

2
1
2

,
11
7
7

,
511
032
114

bA .
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10.

1
2
1

,
6
5

1
,

311
241
102

bA .

11.

1
1
2

,
4
7
3

,
311
250
012

bA .

12.

1
2
1

,
1
8
2

,
302
151
113

bA .

13.

1
2
1

,
8
9
4

,
622
152
103

bA .

14.

1
1
2

,
1
2

7
,

522
152
103

bA .

15.

1
2
1

,
1

12
0

,
421
153
113

bA .

16.

1
1

1
,

5
5
5

,
302
151
124

bA .

17.

1
1
1

,
1
1
3

,
412
131
115

bA .
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18.

1
0
1

,
6
4
3

,
412
153

124
bA .

19.

1
0
1

,
5
1
6

,
421
130
214

bA .

20.

1
1
2

,
1
3

6
,

412
120
113

bA .

21.

1
1
2

,
7

2
5

,
412

152
012

bA .

22.

1
0
2

,
11
3
11

,
513
131
105

bA .

23.

1
2
1

,
0
6

0
,

210
131
315

bA .

24.

1
2
1

,
0

13
6

,
513
152
115

bA .

25.

2
1
1

,
5

0
8

,
201
131
115

bA .
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8. 

-
, 

. -
.

8.1.   

y  = f( x, y ),                                                  (8.1)
y( x0 ) = y0 .                                                   (8.2)

y= (x)
x   -

 [a, b] c .
 (8.1)  [a, b]. 

[a, b] n . h=(b-a)/n
.  ( ) -

x0 = a , xi = x0+i h ,  (i=1, 2, … , n).

y=  (x) – .  
   [xi ,  xi+1].

)4(3)(
!3

12)(
!2

1
)()()1( hOhixhixhixixix .  (8.3)

,  (8.3), -
 (8.1)

(xi)=f(xi,yi), (xi)=fx  (xi,yi) . .

 (x0)=y0  (8.2). 
(8.3) (x1), , (x1), (x2), .  .

 (8.3) , 
 (8.3) . -

.

8.2. 

. 

.
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 (8.1) 
xi yi

yi  (xi).
yi+1  (8.3) 

yi+1= yi+f(xi,yi)h, (8.4)
   xi+1 = xi+h .

. 8.1, -
.  (8.4) , 

Pi(xi,  yi) Pi+1(xi+1,  yi+1)  
, Pi ), 

, . -

). -
, .

           y

   yi+2 Pi+2

     yi+1
P i+1

       yi
P i

x
            xi                xi+1            xi+2

. 8.1. 

8.3. 

, 
 (8.3), 

. , 
, -

. -
.

-
.  (8.3) , 

. 

1 2
h

y y ( f ( x , y ) f ( x h, y )),i i i i ii

y y f ( x , y ).i i i i

                            (8.5)
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. 8.2. -
Pi Pi+1 :

Pi(xi,  yi)   1, -
, , k1 = tg( 1).

PiP1
1.

N1(xi+h/2, yi+k1 h/2) PiP1

2, , ,
k2 = tg( 2). PiP i+1 2.

                                               y

yi+1  Pi+1

             ( 2)

     N1          P1

           ( 1)
  yi

                Pi

             x
             xi                 xi+1

. 8.2. 

, , -
. , 

, 
 [xi,xi+1].

. . -
:

)3,(4),22
,

2
(3

),1
2

,
2

(2),,(1

),432221(
61

hkiyhixfkk
h

iy
h

ixfk

k
h

iy
h

ixfkiyixfk

kkkk
h

iyiy

           (8.6)

   xi+1 = xi+h .
.8.3.
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.
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