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  (2.1) -
, . 
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x
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.,,
3

3

3

3

3

zyx
U

yx
U

x
U

  (2.5) 

 
:  

Uxy  ;
2

yx
U

 

Uxx  .2

2

x
U

 

, 

yx
UU xy

2

, .2

2

x
UU xx   (2.6) 

 

 y=f(x) -
. ,  , -

 y  x, -
 x, y  y  x: y’, 

y”,…, y(n), , .  
 x, y  y’, 

y”,…, y(n)  y  x, . 
 y=f(x) , ,  

. 
, -

,  x,  
y=f(x)  y’, y”,…, y(n) .  

0),...,,,,( )(''' nyyyyxF   (2.7) 

 

.0),...,,,,( )(2

2

n

n

x
y

x
y

x
yyxF   (2.8) 

 y=f(x) –  -
 (  ),  (2.7)  (2.8) 

 ( ). 
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,  
 ( ) -

 U,  x, y, z,…,t  
 U.  

. ),(; yxfU
y
Uy

x
Ux .  (2.9) 

 

. -
, , ,  

. -
: 

1) .  
, . 

. Ut = Uxx – ; 

Ut = Ux – ; 

Ut = Uxxx+tgx – . 

2) . -
. 

.  Ut = Uxx –  x  t,. 

 Ut = Uxxx+Ur –  x, t, r. 

 U  
.  U -

) . 
, , -

.  
3) . . 

-
, ,  

,  .  ,   
-

 

AUxx+BUxy+CUyy+DUx+EUy+FU= G(x, y),  (2.10) 

  A, B, C, D, E, F, G –  
 x  y.  
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. Utt = e– tUxx + cost – , 

U Uxx + Ut = 0 – , 

 x Ux + y Uy + U2 = 0 – . 

4) .  (2.10) , 
 G(x, y)  x  y.  

G(x, y) 0,  (2.10) . 

5) .  A, B, C, D, E, F -
 (2.10) , -

.  –  
. 

 A, B, C  
 (2.10) 

: 
) , 
) , 
) . 

 
 ( ) -

,   

B2 – 4AC = 0.  (2.11) 

  
 

B2 – 4AC > 0.  (2.12) 

 
 

B2 – 4AC < 0.  (2.13) 
 

.  Ut = Uxx, B2 – 4AC = 0 – 4*1*0 = 0 –  
. 

 Utt = Uxx, B2 – 4AC = 0 – 4*1*(–1)> 0 – -
. 
 Uxx + Uyy = 0, B2 – 4AC = 0 – 4*1*1 = –4< 0 –  

. 
-

.  



20 

,  yUxx + Uyy = 0, B2 – 4AC = –4y  
 y: 

 y > 0; 
B2 – 4AC = –4y  y = 0; 

 y < 0. 

 

, -
. , -

-
. ,  

,  
. ,  

. 
-

. 
 

 

ay’’ + by’+ cy = 0  (2.14) 

: 
1)  

ar2 + br + c = 0; 

2)  

;
2

42

2,1 a
acbbr   (2.15) 

3)  y1(x)  y2(x); 
4) ,  

,  y1(x)   y2(x) –   
ay’’+by’+cy=0,  y1(x)/y2(x)=const,  
y=c1y1(x)+c2y2(x) – . 

 (2.15) -
, . 1. 
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 1 

 
(1.14) 

  
 (1.14) 

  
 (1.14) 

1.  
 r1  r2 

 
2.  r1 = r2=r 

 
 
3.   

  
r1,2 =  ± i 

y1 = exp(r1x),  
y2 = exp(r2x) 

 

y1 = exp(rx), 
y2 = x exp(rx) 

 
y1 = exp(r1x), 
y2 = exp(r2x) 

 
y1 = e xcos( x);  
y2 =i·e xsin( x) 

c1 exp(r1x) +c2 exp(r2x) 

exp(rx) ( c1 + c2 x) 
 
 
 
 

c1 exp(r1x) +c2 exp(r2x) 

 
e x [c1cos( x) +i·c2sin( x)] 

 

 
, , , : 

–  
; 

– ; 
– ; 
– ; 
– , 

,  
.  

, , ,  

U   (2.16) 

 
,0U   (2.17) 

 
2

2

2

2

2

2

zyx
– -

;  
U – ;  
– , ;  
 – .  
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2.  
 
 

  
 

  
 
 

,  

– 
  

 
,  

3. -
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. 2.1.   

: 
 – ,   

;  – ,  
, 0 (   

);  –   
,   

,  U0 (   
) 

 
, ,  

, -
 

. 

. 
 

 
Uxx+  Uyy+Uzz=0. -

, : 
1)  – ; 
2)  – ; 
3)  – ; 
4)  – ; 
5)  – ;  
6)  – ,   

=I, =0, = I, 2–4 =–4 < 0.  

T=T0 U=U0 

a  

B 
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 2

2

2

2

2

2

zyx
 -

. , -
 

? -
, -

.  
, -
  . 

: 
1.  U>0  (x, y),  U(x, y)   

, ,   
 (x, y). 
2. U = 0  (x, y),  U(x, y)  

. 
3.  U < 0  (x, y),  U(x, y)  

. 
-

. , -
 U = 0, . -

, -
, ,  

. 

 

 y=f(x)  
, . 

, -
. ,  

, . , -
, -

, : 

;czbyaxU  );ln( 22 yxcU  .
222 zyx

cU  (2.18) 

, , -
, -

. 
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,  
. -

, , , -
,  ( . . 2.1). 

 ( ) -
. -

: 
1)  ( ); 
2)  ( ); 
3)  ( ). 

-
, -

 ( ). -
.  

. 
.  

  
) 

,  
-

,  
. -

 
-

, -
, 
 

,  
.  

 ( .2.2). 
,  

, ,  
.  

:  
 U(x,y,z),  U = 0,  dV  

   ). 

).(MU   (2.19) 

. 2.2.  
 

U=U0Sin  

U=0 
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 (2.19) -
. 

 
) 

,  
, -

 nU , -
, , , , . -

 

).(* M
n
U

  (2.20) 

:  
 U(x, y,z),  U = 0,  

,  nU   
  * ). 

 
) 

, -
,  

,0)( gUh
n
U

  (2.21) 

  nU  – ;  
h – ; 
g – , .  

,  -
.   

).( gUh
n
U

  (2.22) 

, , ,  
, , , -

 U -
 g. ,  h>0: 
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1)  
 g,  ; 

2)  U<g, . 

  
 

, -
. -

, -
. , 

 
: 

) , ,  
. 

) -
. 

)  
. 

,  
, , 

 ( ) . 
, ,  

,  
? 

 
: 

1) ; 
2) ; 
3) ; 
4) ;  
5) . 

. 

I. : 
 
  x, y, z; 
  dzkdyjdxild , 
  U 

;
z
Uk

y
Uj

x
UiUgradU  
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  ;:
z

F
y

F
x

FFFdivF zyx  

–   

.02

2

2

2

2

2
2

z
U

y
U

x
UUUdivgradU   (2.23) 

II. : 

  r, , z; 
  x=rcos ; y=rsin , z=z; 

  ;dzerdedreld zr  
  

;1:
z
UeU

r
e

r
UeUgradUU zr  

  

;1)(1:
z

FF
r

Fr
rr

FFdivF z
r  

  

 .01)(1
2

2

2

2

2
2

z
UU

rr
Ur

rr
UUdivgradU  (2.24) 

III. : 

  R, ; 
  x=Rsin cos ; y=Rsin cos , 

z=Rcos ; 
  ;sin dReRdedReld R  
  U 

;
sin
11 U

R
eU

R
e

R
UeUgradU R  

  F 

;
sin
1)sin(

sin
1)(1 2

2

F
R

F
R

FR
RR

FFdiv R  

   

.
sin
1)(sin

sin
1)(1

2

2

2222

2 U
R

U
R

RU
RR

U (2.25) 
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IV. : 

  r, ; 
  r2=x2+y2; x=rcos ; tg =y/x; 

y=rsin . 
  

.11
2

2

22

2
2 U

rr
U

rr
UUUdivgradU   (2.26) 

 (2.23)–(2.26) , -
-

.  ,  -
.  

. ,  
. -

,  
. 

.  
 

, , , , 
. , 

, -
.  

:  U1  
U2  

.  
, ,  

. -
. 

-
: 

1. , .  
, .  

.  
. 

2.  
,  

, .  
.  

3. , 
 . 
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, ,  
,  

-
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, -
. 

 

 – -
 –  ( )  

,   
, ,  

,  
 ( ). -

,  
. 

 
  – , 

, 
. -
: 

1) . 
-

 , , , 
. 

2)  " " (  
, , .). 

, -
 

. 
3)  

. :  
-

.  
,  

. -
,  

. -
, -

 -
-
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,  
, -

 
. 

,   
 

, -
 

 – . 

  
 

 – -
. -

,  U -
, -

. 
 , -

,  
.  

  U  
. 

-
. . 

: 
1. , -

, ,  
: 

)   U  (x, y, z)  
, , ,  

; 
) . 

2.  
 U  (x ,y, z),  
 U , -

. 
3.  -

 U , . 
4. -

, -
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1. ,  

, -
. , ,  

 ,  .  ,  -
, -

, -
. ,  " " , -

, , , , 
, . -

 " "  " " .  
 ,  

,   – .  ,  -
,  ,   

. 
,  –  

, , -
. 

2.  
.  -

, -
.  

, -
,  

.  
. -

.  
-

.  
,  

. 
,  

, 
, -

. 
 ,   

. : 
, , , 

, ,  
, .  
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, -
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) 

-
. -

, ,  
-

. -
. -

, -
. 

 
 

: 
1.  

.02

2

2

2

2

2

z
U

y
U

x
U

  (2.27) 

2.  Up(x,y,z) -
 X(x), Y(y), Z(z). 

Up(x,y,z)= X(x)* Y(y)* Z(z).  (2.28) 

3. Up(x,y,z)  (2.28)  
(2.27). -

 

.0)()()()()()()()()(
2

2

2

2

2

2

yYxX
z

zZzZxX
y

yYzZyY
x

xX (2.29) 

4.  (2.29)  
X(x)·Y(y)·Z(z),  

.0111
2

2

2

2

2

2

z
Z

Zy
Y

Yx
X

X
  (2.30) 

5.  (2.30)  
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F1(x)+F2(y)+F3(z)=0.  (2.31) 

 (2.31) , , (2.30) -
, -

. 
6. ,  (2.30) -

 

;1 2
2

2

xK
dx

Xd
X

 ;1 2
2

2

yK
dy

Yd
Y

 ,1 2
2

2

zK
dz

Zd
Z

  (2.32) 

  –Kx
2, –Ky

2, –Kz
2 – , -

 

Kx
2+Ky

2+Kz
2=0.  (2.33) 

 «–»  Kx
2, Ky

2, Kz
2 -

. -
 2 . 

 (2.32) : 

;02
2

2

xK
dx

Xd
 ;02

2

2

yK
dy

Yd
 .02

2

2

zK
dz

Zd
  (2.34) 

7.  (2.34)  
, : 
)  

,022 kr  .2,1 ikr  

) . 1  (2.34) 
 

y1=cos(kx); y2=sin(kx). 

 (2.34)  
: 

).sin()cos()(

);sin()cos()(
);sin()cos()(

21

21

21

zKCzKCzZ
yKByKBYY
xKAxKAxX

zz

yy

xx

  (2.35) 

8.  Kx
2,  Ky

2,  Kz
2 – , -

 (2.33) -
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. , ,  Kx
2>0   Ky

2>0,  Kz
2<0 

(Kx
2+ Ky

2,+Kz
2=0) , , Kz – . 

 Z(z) -
 (Kz·Z),  

.  Kz 

.2222 iKKKiKKK yxyxz  (2.36) 

 Z(z)  (2.35)  

).sin()cos()( 21 iKzCiKzCzZ   (2.37) 

 
 

).()cos(
),()sin(

ychiy
yishiy

  (2.38) 

 (2.38)  (2.37)  

.
);()cos(
);()sin(

'
22 CiC

KzchiKz
KzishiKz

  (2.39) 

 Z(z)  

).()()( '
21 KzshCKzchCzZ  (2.40) 

9. ,  Up(x,y,z) -
 

. 

.)()(

)sin()cos()sin()cos(),,(
'
21

2121

KzshCKzchC

yKByKBxKAxKAzyxU yyxx  (2.41) 

10. -
 A1, A2, B1, B2, C1, C2

’   Kx, Ky, Kz , 
, , . 

 
 ,  

 ( ), -
, -
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. 

 
:  Z -

 ( . 2.3) , -
,  U=U0.  

: . 
: 

1. -
. -

-
 U(x,y,z)  

,  
 
 

U=0  U=U0. , 
-
 

). 
2. -

, . , -
 

: 

) x=0, U=0 (0<x<a); 
) x=a, U= 0; 
) y=0, U=0 (0<y<b); 
) y=b, U= U0. 

3. -
. ,  U(x,y,z), , 

 Z, . U(x,y,z)  Up(x,y). 
,  (2.35) 

 Z(z)=const. 
,  Kz=0.  Z(z)=C1, -

 Up(x,y)  (2.36)   

,)sin()cos()sin()cos(),( 2121 yKByKBxKAxKAyxU yyxxp (2.42) 

 A1,  A2, B1,  B2  C1, -
 (2.36) Kx

2+ Ky
2=0. 

x 

y 

z 
a 

b 

U0 

. 2.3  
 Z  

 a·b 
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4. . 2 

0)sin()cos(

)0sin()0cos(),0(

21

21

yKByKB
KAKAyU

yy

xxp
 (2.43) 

 

.0)sin()cos( 211 yKByKB yy  

 y,  A1=0. 
5. . 2 

.0)0sin()0cos()sin()0,( 212 yyxp KBKBxKAxU   (2.44) 

.0)sin(12 xKBA x  

 x,  B1=0. 
,  

A1= B1=0,  Up(x,y)  

).sin()sin()sin()sin(),( 22 yKxKAyKxKBAyxU yxpyxp (2.45) 

6.  

,0)sin()sin(),( yKaKAyaU yxpp  (2.46) 

Ap=0 – , .  
 y,  

;0)sin( aK x  ;
a

pK x  ,paK x   (2.47) 

   –   = 0, 1, 2…).  

, Kx , -
, /a. 

 Kx  Ky, -
  

Kx
2+ Ky

2=0.  
a

ipiKKK xxy
2 . 
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, 
a

ipK y ,  Up(x,y)  

 

)sin()sin(),( y
a

ipx
a

pAyxU pp   (2.48) 

  

)()sin(),( y
a

pshx
a

pAyxU pp , 

 Ap  i. 

7.  

).()sin(),( y
a

pshx
a

pAyxU pp   (2.49) 

 , , 
. ,  

,)( constb
a

pshA
 

,  

,  

.)sin( 0Uconstx
a

p   (2.50) 

 
 (2.50),  –  U0,  
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