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1. ÂÂÅÄÅÍÈÅ Â ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ

1.1. Ïðåäåë ôóíêöèè

1.1.1. Ìíîæåñòâî. Îïåðàöèè íàä ìíîæåñòâàìè

Ïîä ìíîæåñòâîì áóäåì ïîíèìàòü ñîâîêóïíîñòü (ñîáðàíèå) îäíîðîäíûõ ïðåäìåòîâ, îáú-

åêòîâ. Îáúåêòû, èç êîòîðûõ ñîñòîèò ìíîæåñòâî, íàçûâàþòñÿ åãî ýëåìåíòàìè.

Î÷åíü ÷àñòî äëÿ îáîçíà÷åíèÿ ìíîæåñòâ èñïîëüçóþò áîëüøèå áóêâû ëàòèíñêîãî àëôà-

âèòà A, B, C,. . ., X, Y . Äëÿ îáîçíà÷åíèÿ ýëåìåíòîâ ìíîæåñòâà � ìàëûå a, b, c, . . ., x, y.

Çàïèñü a ∈ A îçíà÷àåò, ÷òî ýëåìåíò a ïðèíàäëåæèò ìíîæåñòâó A, çàïèñü a /∈ A îçíà÷àåò,

÷òî ýëåìåíò a íå ïðèíàäëåæèò ìíîæåñòâó A.

Åñëè êàæäûé ýëåìåíò ìíîæåñòâà B ÿâëÿåòñÿ ýëåìåíòîì ìíîæåñòâà A, òî ãîâîðÿò,

÷òî ìíîæåñòâî B âêëþ÷åíî â ìíîæåñòâî A (ÿâëÿåòñÿ ïîäìíîæåñòâîì ìíîæåñòâà A) è

îáîçíà÷àþò B ⊂ A.

Åñëè B ⊂ A è A ⊃ B, òî ìíîæåñòâà A è B íàçûâàþòñÿ ðàâíûìè è îáîçíà÷àþòñÿ

A = B. Òàêèì îáðàçîì, ðàâíûå ìíîæåñòâà ñîñòîÿò èç îäíèõ è òåõ æå ýëåìåíòîâ.

Ìíîæåñòâî, íå ñîäåðæàùåå íè îäíîãî ýëåìåíòà íàçûâàåòñÿ ïóñòûì ìíîæåñòâîì è îáî-

çíà÷àåòñÿ ∅. Î÷åâèäíî, ÷òî ïóñòîå ìíîæåñòâî âêëþ÷åíî â ìíîæåñòâî A, ãäå A�ëþáîå

ìíîæåñòâî.

Îïåðàöèè íàä ìíîæåñòâàìè.

Äëÿ ëþáûõ äâóõ ìíîæåñòâ A è B îïðåäåëèì íîâûå ìíîæåñòâà, íàçûâàåìûå îáúåäèíå-

íèåì, ïåðåñå÷åíèåì, ðàçíîñòüþ.

Îáúåäèíåíèåì äâóõ ìíîæåñòâ A è B íàçûâàåòñÿ ìíîæåñòâî C, ñîñòîÿùåå èç ýëå-

ìåíòîâ, ïðèíàäëåæàùèõ èëè A, èëè B.

A ∪B = {x : x ∈ A ∨ x ∈ B}

Ìíîæåñòâî C = A ∪B � îáúåäèíåíèå ìíîæåñòâ A è B.
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Ïåðåñå÷åíèåì äâóõ ìíîæåñòâ A è B íàçûâàåòñÿ ìíîæåñòâî C, ñîñòîÿùåå èç ýëåìåí-

òîâ, ïðèíàäëåæàùèõ è A, è B.

A ∩B = {x : x ∈ A ∧ x ∈ B}

Ìíîæåñòâî C = A ∩B � ïåðåñå÷åíèå ìíîæåñòâ A è B.
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Ðàçíîñòüþ äâóõ ìíîæåñòâ A è B íàçûâàåòñÿ ìíîæåñòâî C, ñîñòîÿùåå èç ýëåìåíòîâ,

ïðèíàäëåæàùèõ ìíîæåñòâó A è íåïðèíàäëåæàùèõ ìíîæåñòâó B.

A\B = {x : x ∈ A ∧ x /∈ B}.

Ìíîæåñòâî C = A\B � ðàçíîñòü ìíîæåñòâ A è B.
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Ïóñòü A è B � ìíîæåñòâà, A ⊂ B.Äîïîëíåíèåì ìíîæåñòâà A íàçûâàåòñÿ ìíîæåñòâî

A, ñîñòîÿùåå èç âñåõ ýëåìåíòîâ ìíîæåñòâà B, íå ïðèíàäëåæàùèõ ìíîæåñòâó A.

Ìíîæåñòâî C = A � äîïîëíåíèå ìíîæåñòâà A.
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Ìíîæåñòâî, ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ ÷èñëà, íàçûâàåòñÿ ÷èñëîâûì ìíîæåñòâîì.

1.1.2. ×èñëîâûå ìíîæåñòâà

N = {1, 2, 3, . . .} � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë.

Z = {. . . ,−3,−2,−1, 0, 1, 2, 3, . . .} � ìíîæåñòâî öåëûõ ÷èñåë.

Q = {m
n
|m ∈ Z, n ∈ N}� ìíîæåñòâî ðàöèîíàëüíûõ ÷èñåë (ëþáîå ðàöèîíàëüíîå ÷èñ-

ëî ïðåäñòàâèìî â âèäå áåñêîíå÷íîé äåñÿòè÷íîé ïåðèîäè÷åñêîé äðîáè è íàîáîðîò, ëþáàÿ

áåñêîíå÷íàÿ ïåðèîäè÷åñêàÿ äåñÿòè÷íàÿ äðîáü ïðåäñòàâèìà â âèäå ðàöèîíàëüíîãî ÷èñëà).

I � ìíîæåñòâî èððàöèîíàëüíûõ ÷èñåë (ëþáîå èððàöèîíàëüíîå ÷èñëî ÿâëÿåòñÿ áåñêî-

íå÷íîé äåñÿòè÷íîé íåïåðèîäè÷åñêîé äðîáüþ).

R � ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë. C � ìíîæåñòâî êîìïëåêñíûõ ÷èñåë.

Äëÿ ÷èñëîâûõ ìíîæåñòâ èìååì:

N ⊂ Z ⊂ Q ⊂ R ⊂ C

I ⊂ R, R = Q ∪ I.
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Ïðèìåð 1.Äàíû ìíîæåñòâàA = {1; 3; 6; 8} èB = {2; 4; 6; 8}. ÒîãäàA∪B = {1; 2; 3; 4; 6; 8},
A ∩B = {6; 8}, A\B = {1; 3}.

Ïðèìåð 2. Ïóñòü A = {1, 2, 3, 4}, B = {1, 2, 3, 4, 5, 6, 7, 8}. Òîãäà A = {5, 6, 7, 8}.

Ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë (R).

qD
-8

qE
-4.5

qA
0

qB
1

qC
√

2

qB
6

-

Ëþáîå äåéñòâèòåëüíîå ÷èñëî ìîæíî èçîáðàçèòü òî÷êîé íà ÷èñëîâîé ïðÿìîé. Íàîáîðîò,

âñÿêàÿ òî÷êà ÷èñëîâîé ïðÿìîé ÿâëÿåòñÿ èçîáðàæåíèåì åäèíñòâåííîãî äåéñòâèòåëüíîãî

÷èñëà. Òàêèì îáðàçîì, ìåæäó ìíîæåñòâîì R è ìíîæåñòâîì òî÷åê ÷èñëîâîé ïðÿìîé ñóùå-

ñòâóåò âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå. Ïîýòîìó äåéñòâèòåëüíûå ÷èñëà ÷àñòî íàçûâàþò

òî÷êàìè. Âî ìíîæåñòâå äåéñòâèòåëüíûõ ÷èñåë R ââîäÿòñÿ îïåðàöèè:

1. ñëîæåíèå (+)

∀a, b ∈ R→ (a+ b) ∈ R;

1. ∀a, b ∈ R→ (a+ b) = (b+ a) êîììóòàòèâíîñòü îïåðàöèè ñëîæåíèÿ;

2, ∀a, b, c ∈ R→ a+ (b+ c) = (a+ b) + c àññîöèàòèâíîñòü îïåðàöèè ñëîæåíèÿ;

3. ∃0 ∈ R : ∀a ∈ R→ (a+ 0) = (0 + a) = a óíèòàðíîñòü îïåðàöèè ñëîæåíèÿ;

4. ∀a ∈ R∃(−a) ∈ R : a+(−a) = (−a)+a = 0 ∈ R ñèììåòðè÷íîñòü îïåðàöèè ñëîæåíèÿ.

2. óìíîæåíèå (∗)
∀a, b ∈ R→ (a ∗ b) ∈ R

1. ∀a, b ∈ R→ (a ∗ b) = (b ∗ a) êîììóòàòèâíîñòü îïåðàöèè óìíîæåíèÿ

2. ∀a, b, c ∈ R→ a ∗ (b ∗ c) = (a ∗ b) ∗ c àññîöèàòèâíîñòü îïåðàöèè óìíîæåíèÿ

3. ∃ 1 ∈ R : ∀a ∈ R→ (a ∗ 1) = (1 ∗ a) = a óíèòàðíîñòü îïåðàöèè óìíîæåíèÿ;

4. ∀a ∈ R ∃(a−1) ∈ R :→ a∗(a−1) = (a−1)∗a = 1 ∈ R ñèììåòðè÷íîñòü îïåðàöèè óìíîæåíèÿ.

3. ïîðÿäêà <, >, =.

Íà ìíîæåñòâå äåéñòâèòåëüíûõ ÷èñåë ââîäèòñÿ ïîíÿèå ìîäóëÿ:

∀a ∈ R : |a| =

{
a, åñëè a ≥ 0

−a, åñëè a < 0

Ñ ãåîìåòðè÷åñêîé òî÷êè çðåíèÿ |a| íà ÷èñëîâîé ïðÿìîé çàäàåò ðàññòîÿíèå îò òî÷êè, èçîá-
ðàæàþùåé ÷èñëî a äî íà÷àëà îòñ÷åòà.
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×èñëîâûå ïðîìåæóòêè. Îêðåñòíîñòü òî÷êè.

Ïóñòü a è b � äåéñòâèòåëüíûå ÷èñëà, a < b. ×èñëîâûìè ïðîìåæóòêàìè íàçûâàþò

ïîäìíîæåñòâà ìíîæåñòâà äåéñòâèòåëüíûõ ÷èñåë, èìåþùèõ ñëåäóþùèé âèä:

1. [a, b] = {x : a ≤ x ≤ b} � îòðåçîê (çàìêíóòûé ïðîìåæóòîê);

q
a

q
b

-////////////

2. (a, b) = {x : a < x < b} � èíòåðâàë (îòêðûòûé ïðîìåæóòîê);

a
a

a
b

-////////////

3. [a, b) = {x : a ≤ x < b}, (a, b] = {x : a < x ≤ b} � ïîëóèíòåðâàëû;

q
a

a
b

-///////////// a
a

q
b

-/////////////

4. (−∞, b] = {x : x ≤ b} ; [a,+∞) = {x : x ≥ a} � áåñêîíå÷íûå ïîëóèíòåðâàëû;

q
b

-//////////////////// q
a

-////////////////////

5. (−∞, b) = {x : x < b} ; (a,+∞) = {x : x > a} � áåñêîíå÷íûå èíòåðâàëû;

a
b

-//////////////////// a
a

-///////////////////

6. (−∞,∞) = {x : −∞ < x < +∞} = R.

-//////////////////////// //////

Îêðåñòíîñòüþ òî÷êè x0 ∈ R íàçûâàåòñÿ ëþáîé èíòåðâàë (a; b), ñîäåðæàùèé òî÷êó

x0. ∀ε > 0 èíòåðâàë âèäà (x0 − ε, x0 + ε), íàçûâàåòñÿ ε-îêðåñòíîñòüþ òî÷êè x0. ×èñëî x0

íàçûâàåòñÿ öåíòðîì ε-îêðåñòíîñòè, à ÷èñëî ε � ðàäèóñîì îêðåñòíîñòè.

x ∈ (x0 − ε, x0 + ε)⇐⇒ x0 − ε < x < x0 + ε⇐⇒ −ε < x− x0 < ε⇐⇒ |x− x0| < ε.

q
x0

a a////////////////////

x0 − ε x0 + ε
-
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1.1.3. Ïîíÿòèå ôóíêöèè

Ïóñòü äàíû äâà íåïóñòûõ ìíîæåñòâà X è Y . Áóäåì ãîâîðèòü, ÷òî çàäàíàôóíêöèÿ (îòîá-

ðàæåíèå), äåéñòâóþùàÿ èç ìíîæåñòâà X âî ìíîæåñòâî Y , åñëè çàäàí çàêîí (ïðàâèëî), ïî-

êîòîðîìó êàæäîìó ýëåìåíòó èç ìíîæåñòâà X ñîîòâåòñòâóåò åäèíñòâåííûé ýëåìåíò ìíî-

æåñòâà Y .

∀x ∈ X ∃y ∈ Y : f(x) = y, f : X → Y . Ôóíêöèÿ f îòîáðàæàåò ìíîæåñòâî X âî

ìíîæåñòâî Y .

Â äàííîì îïðåäåëåíèè x � àðãóìåíò èëè íåçàâèñèìàÿ ïåðåìåííàÿ, y � çíà÷å-
íèå ôóíêöèè èëè çàâèñèìàÿ ïåðåìåííàÿ; ìíîæåñòâî X �îáëàñòü îïðåäåëåíèÿ
ôóíêöèè y = f(x).'

&

$

%

'

&

$

%
X Y

f
qPPPPPPPPPPPPPPPqqq���������

���
���

��:
q

q -q
Åñëè X è Y � ÷èñëîâûå ìíîæåñòâà, òî f(x) � ÷èñëîâàÿ ôóíêöèÿ. Äàëåå ìû áóäåì

ðàññìàòðèâàòü ÷èñëîâûå ôóíêöèè.

1.1.4. Îñíîâíûå ñïîñîáû çàäàíèÿ ôóíêöèè

Ïóñòü äàíà ôóíêöèÿ y = f(x). îáîçíà÷èì D(f) � îáëàñòü îïðåäåëåíèÿ ôóíêöèè, E(f)�

îáëàñòü çíà÷åíèé ôóíêöèè (ìíîæåñòâî âñåõ çíà÷åíèé ôóíêöèè y = f(x)).

• Àíàëèòè÷åñêèé ñïîñîá. Ôóíêöèÿ çàäàåòñÿ â âèäå îäíîé èëè íåñêîëüêèõ ôîðìóë èëè

óðàâíåíèé. Îáëàñòüþ îïðåäåëåíèÿD(f) ôóíêöèè, çàäàííîé ñ ïîìîùüþ ôîðìóëû, íà-

çûâàåòñÿ ìíîæåñòâî âñåõ çíà÷åíèé àðãóìåíòà x, ïðè êîòîðûõ ôîðìóëà èìååò ñìûñë.

Íàïðèìåð,

y =
√

5− x+ log3(x+ 1).

D(f) :

{
5− x ≥ 0

x+ 1 > 0
⇔

{
x ≤ 5

x > −1
⇔ x ∈ (−1; 5].

a
−1

q
5

//////////////////////////
\\\\\\\\\\\\\\\\\\\\\\\\\\\\

-

Ðàññìîòðèì ñëåäóþùèé ïðèìåð:

y =


x2, åñëè x < 1

5x, åñëè 1 ≤ x ≤ 2

2x, åñëè x > 2

Çäåñü D(f) = R.
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• Ãðàôè÷åñêèé ñïîñîá. Çàäàåòñÿ ãðàôèê ôóíêöèè. Çíà÷åíèÿ ôóíêöèè y, ñîîòâåòñòâó-

þùèå òåì èëè èíûì çíà÷åíèÿì àðãóìåíòà x íàõîäÿòñÿ íåïîñðåäñòâåííî ñ ïîìîùüþ

ãðàôèêà.

q
O

-

6

x

y

y = f(x)

ppp qf(x0) pppppppppppppppppq
x0

• Òàáëè÷íûé ñïîñîá. Ôóíêöèÿ çàäàåòñÿ ñ ïîìîùüþ òàáëèöû, â êîòîðîé óêàçàí ðÿä

çíà÷åíèé àðãóìåíòà è ñîîòâåòñòâóþùèå èì çíà÷åíèÿ ôóíêöèè. Íàïðèìåð, òàáëèöû

òðèãîíîìåòðè÷åñêèõ ôóíêöèé, ëîãàðèôìè÷åñêèå òàáëèöû.

• Ñëîâåñíûé ñïîñîá. Ñïîñîá çàäàíèÿ ôóíêöèè ñ ïîìîùüþ îïèñàíèÿ.

1.1.5. Îñíîâíûå ñâîéñòà ÷èñëîâûõ ôóíêöèé

Ê îñíîâíûì ñâîéñòâàì ÷èñëîâûõ ôóíêöèé îòíîñÿòñÿ îãðàíè÷åííîñòü, ÷åòíîñòü/íå÷åòíîñòü,

ìîíîòîííîñòü, ïåðèîäè÷íîñòü.

1. Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà íà íåêîòîðîì ìíîæåñòâå D. Ôóíêöèÿ y = f(x)

íàçûâàåòñÿ îãðàíè÷åííîé íà ýòîì ìíîæåñòâå, åñëè

∃M > 0 : ∀x ∈ D ⇒ |f(x)| ≤M

Íàïîìíèì, ÷òî íåðàâåíñòâî |f(x)| ≤M ðàâíîñèëüíî íåðàâåíñòâó −M ≤ f(x) ≤M .

q
O

-

6

x

y

y = f(x)

p p p

ppp p p p p p p p p p p p p p p p p p p p p p p p p pM y = Mp p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p

p p p ppp p p p p p p p p p p p p p p p p p p p p p p p p p
−M y = −M

p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p
Ãðàôèê îãðàíè÷åííîé ôóíêöèè öåëèêîì ðàñïîëîæåí â ïîëîñå ìåæäó äâóìÿ ïàðàë-

ëåëüíûìè ïðÿìûìè y = −M è y = M .
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2. Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà íà íåêîòîðîì ìíîæåñòâå D. Ôóíêöèÿ y = f(x)

íàçûâàåòñÿ ÷åòíîé, åñëè âûïîëíÿþòñÿ óñëîâèÿ:

(a) D � ñèììåòðè÷íî îòíîñèòåëüíî ò.O íà ÷èñëîâîé ïðÿìîé;

(b) ∀x ∈ D f(−x) = f(x).

Íàïðèìåð, ÷åòíûìè ôóíêöèÿìè ÿâëÿþòñÿ: y = cosx, y = x2(ñì. ðèñ.1);

Ôóíêöèÿ y = f(x) íàçûâàåòñÿ íå÷åòíîé, åñëè âûïîëíÿþòñÿ óñëîâèÿ:

(a) D � ñèììåòðè÷íî îòíîñèòåëüíî ò.O íà ÷èñëîâîé ïðÿìîé;

(b) ∀x ∈ D f(−x) = −f(x).

Íàïðèìåð, íå÷åòíûìè ôóíêöèÿìè ÿâëÿþòñÿ: y = sinx, y = x3(ñì. ðèñ.2). Çàìåòèì,

÷òî ãðàôèê ÷åòíîé ôóíêöèè ñèììåòðè÷åí îòíîñèòåëüíî îñè Oy, ãðàôèê íå÷åòíîé

ôóíêöèè ñèììåòðè÷åí îòíîñèòåëüíî íà÷àëà êîîðäèíàò.

q
O

-

6

x

y

y = x2

ðèñ.1

q
O

-

6

x

y

y = x3

ðèñ.2

3. Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà íà íåêîòîðîì ìíîæåñòâå D è ïóñòü D1 ⊂ D.

Ôóíêöèÿ y = f(x) íàçûâàåòñÿ âîçðàñòàþùåé íà ìíîæåñòâå D1, åñëè ∀x1, x2 ∈ D1

èç íåðàâåíñòâà x1 < x2 ñëåäóåò íåðàâåíñòâî f(x1) < f(x2).

Ôóíêöèÿ y = f(x) íàçûâàåòñÿ íåóáûâàþùåé íà ìíîæåñòâå D1, åñëè ∀x1, x2 ∈ D1

èç íåðàâåíñòâà x1 < x2 ñëåäóåò íåðàâåíñòâî f(x1) ≤ f(x2).

Ôóíêöèÿ y = f(x) íàçûâàåòñÿ óáûâàþùåé íà ìíîæåñòâå D1, åñëè ∀x1, x2 ∈ D1 èç

íåðàâåíñòâà x1 < x2 ñëåäóåò íåðàâåíñòâî f(x1) > f(x2).

Ôóíêöèÿ y = f(x) íàçûâàåòñÿ íåâîçðàñòàþùåé íà ìíîæåñòâå D1, åñëè ∀x1, x2 ∈ D1

èç íåðàâåíñòâà x1 < x2 ñëåäóåò íåðàâåíñòâî f(x1) ≥ f(x2).

Âîçðàñòàþùèå, íåâîçðàñòàþùèå, óáûâàþùèå, íåóáûâàþùèå ôóíêöèè íà ìíîæåñòâå

D1 íàçûâàþòñÿ ìîíîòîííûìè íà ýòîì ìíîæåñòâå, à âîçðàñòàþùèå è óáûâàþùèå �

ñòðîãî ìîíîòîííûìè. Èíòåðâàëû, íà êîòîðûõ ôóíêöèÿ ìîíîòîííà, íàçûâàþòñÿ

èíòåðâàëàìè ìîíîòîííîñòè.
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Íàïðèìåð, ôóíêöèÿ y = x2 (ñì. ðèñ.1) óáûâàåò ∀x ∈ (−∞; 0) è âîçðàñòàåò ∀x ∈
(0; +∞). Ôóíêöèÿ y = x3 (ñì. ðèñ.2) âîçðàñòàåò ∀x ∈ R.

4. Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà íà íåêîòîðîì ìíîæåñòâå D. Ôóíêöèÿ y = f(x)

íàçûâàåòñÿ ïåðèîäè÷åñêîé íà ýòîì ìíîæåñòâå, åñëè ∃T > 0 òàêîå, ÷òî

(a) ∀x ∈ Df(x± T ) ∈ D

(b) ∀x ∈ Df(x+ T ) = f(x) = f(x− T ).

Ïðè ýòîì ÷èñëî T íàçûâàåòñÿ ïåðèîäîì ôóíêöèè.

q
O

-

6

x

y

pppppppppppppppppppp

y = f(x)

T

1.1.6. Ñëîæíàÿ ôóíêöèÿ. Îáðàòíàÿ ôóíêöèÿ

Ïóñòü ôóíêöèÿ y = f(u) îïðåäåëåíà íà íåêîòîðîì ìíîæåñòâå U , à ôóíêöèÿ u = ϕ(x) �

íà íåêîòîðîì ìíîæåñòâå X, ïðè÷åì âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå ∀x ∈ X ñîîòâåòñòâó-

þùåå çíà÷åíèå u = ϕ(x) ∈ U . Òîãäà íà ìíîæåñòâå X îïðåäåëåíà ôóíêöèÿ y = f(ϕ(x)),

êîòîðóþ áóäåì íàçûâàòü ñëîæíîé ôóíêöèåé îò x èëè ñóïåðïîçèöèåé çàäàííûõ ôóíê-
öèé. Ïðè ýòîì ïåðåìåííóþ u áóäåì íàçûâàòü ïðîìåæóòî÷íûì àðãóìåíòîì ñëîæíîé

ôóíêöèè.

Íàïðèìåð, ôóíêöèÿ y = ln(sinx) åñòü ñóïåðïîçèöèÿ äâóõ ôóíêöèé y = lnu è u = sinx,

à ôóíêöèÿ y =
√

sin(6x4) åñòü ñóïåðïîçèöèÿ òðåõ ôóíêöèé y =
√
u, u = sin v, v = 6x4.

Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà íà íåêîòîðîì ìíîæåñòâå D è åå ìíîæåñòâî çíà-

÷åíèé E. Åñëè êàæäîìó çíà÷åíèþ y ∈ E ñîîòâåòñòâóåò åäèíñòâåííîå çíà÷åíèå x ∈ D,

òî îïðåäåëåíà ôóíêöèÿ x = ϕ(y) ñ îáëàñòüþ îïðåäåëåíèÿ E è ìíîæåñòâîì çíà÷åíèé D.

Òàêàÿ ôóíêöèÿ ϕ(y) íàçûâàåòñÿ îáðàòíîé ê ôóíêöèè f(x) è çàïèñûâàåòñÿ â ñëåäóþùåì

âèäå: x = ϕ(y) = f−1(y). Ïðî ôóíêöèè y = f(x) è x = ϕ(y) áóäåì ãîâîðèòü, ÷òî îíè ÿâëÿ-

þòñÿ âçàèìíî îáðàòíûìè. Íàïðèìåð, äëÿ ôóíêöèè y = −3x îáðàòíîé áóäåò ôóíêöèÿ

x = −y
3
, äëÿ y = x3 îáðàòíàÿ x = 3

√
y, äëÿ y = x2 îáðàòíîé íå ñóùåñòâóåò. Òàêèì îáðàçîì,

ôóíêöèÿ y = f(x) èìååò îáðàòíóþ òîãäà è òîëüêî òîãäà, êîãäà ôóíêöèÿ y = f(x) çàäàåò

âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ìíîæåñòâàìè D è E.

Çàìåòèì, ÷òî ãðàôèêè ôóíêöèé y = f(x) è x = ϕ(y) èçîáðàæàþòñÿ îäíîé è òîé æå

êðèâîé, ò.å. ñîâïàäàþò. Åñëè îáîçíà÷èòü íåçàâèñèìóþ ïåðåìåííóþ ÷åðåç x, à çàâèñèìóþ

÷åðåç y, òî ôóíêöèÿ îáðàòíàÿ ê y = f(x) çàïèøåòñÿ â âèäå y = ϕ(x). Ãðàôèêè âçàèìíî

îáðàòíûõ ôóíêöèé y = f(x) è y = ϕ(x) ñèììåòðè÷íû îòíîñèòåëüíî áèññåêòðèñû ïåðâîãî

è òðåòüåãî êîîðäèíàòíûõ óãëîâ (ïðÿìîé y = x).

12



Íàïðèìåð, ðàññìîòðèì ñóæåíèå ôóíêöèè y = sinx íà îòðåçîê [−π/2;π/2], ò.å. D(f) =

[−π/2;π/2], E(f) = [−1; 1]. Ôóíêöèÿ âîçðàñòàåò, ïîýòîìó äëÿ íåå ñóùåñòâóåò îáðàòíàÿ

y = arcsinx ñ D(f) = [−1; 1], E(f) = [−π/2;π/2].

q
O

-

6

x

y

y = sinx

q
−2π

q
−π

q
π

q
−π

2

q
π
2

q
2π

q1
q−1

q
O

-

6

x

y

y = arcsinx

q−π
2

qπ
2

q
−1

q
1

q

q

1.1.7. Îñíîâíûå ýëåìåíòàðíûå ôóíêöèè

Ê îñíîâíûì ýëåìåíòàðíûì ôóíêöèÿì îòíîñÿòñÿ:

1. Ñòåïåííàÿ y = xα, α ∈ R.

2. Ïîêàçàòåëüíàÿ y = ax, a 6= 1, a > 0.

3. Ëîãàðèôìè÷åñêàÿ y = loga(x), a 6= 1, a > 0.

4. Òðèãîíîìåòðè÷åñêèå y = sinx, y = cosx, y = tg x, y = ctg x.

5. Îáðàòíûå òðèãîíîìåòðè÷åñêèå y = arcsinx, y = arccosx, y = arctg x, y = arcctg x.

Ôóíêöèÿ, çàäàííàÿ îäíîé ôîðìóëîé, ïîëó÷åííàÿ èç îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé

ñ ïîìîùüþ àðèôìåòè÷åñêèõ îïåðàöèé ñëîæåíèÿ, âû÷èòàíèÿ, óìíîæåíèÿ, äåëåíèÿ, ïðèìå-

íåííûõ êîíå÷íîå ÷èñëî ðàç, à òàêæå îïåðàöèé îáðàçîâàíèÿ ñëîæíîé ôóíêöèè, íàçûâàåòñÿ

ýëåìåíòàðíîé ôóíêöèåé. Íàïðèìåð,

y =
x3 + 1

x2
+ log3(2x+ 4)− ýëåìåíòàðíàÿ ôóíêöèÿ.

y = x+ x+ x+ . . .− íå ÿâëÿåòñÿ ýëåìåíòàðíîé .
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Ôóíêöèÿ, çàäàííàÿ ñ ïîìîùüþ íåñêîëüêèõ ôîðìóë, íå ÿâëÿåòñÿ ýëåìåíòàðíîé, íàïðèìåð:{
x2, åñëè x ≤ 1

2x, åñëè x > 1
.

Îäíàêî íà êàæäîì èç ÷èñëîâûõ ïðîìåæóòêîâ (−∞; 1] è (1; +∞) îíà çàäàíà ñ ïîìîùüþ

ýëåìåíòàðíûõ ôóíêöèé y = x2 è y = 2x.

1.1.8. ×èñëîâàÿ ïîñëåäîâàòåëüíîñòü. Ïðåäåë ÷èñëîâîé ïîñëåäîâàòåëüíîñòè

×èñëîâîé ïîñëåäîâàòåëüíîñòüþ íàçûâàåòñÿ ôóíêöèÿ íàòóðàëüíîãî àðãóìåíòà f : N→ R.

1 2 3 · · · n

↓ ↓ ↓ · · · ↓
x1 x2 x3 · · · xn

Äåéñòâèòåëüíûå ÷èñëà x1, x2, x3, · · · , xn � îáðàçóþò ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü {xn},
x1 � ïåðâûé ÷ëåí ïîñëåäîâàòåëüíîñòè, x2 � âòîðîé ÷ëåí ïîñëåäîâàòåëüíîñòè, xn � n-ûé

÷ëåí ïîñëåäîâàòåëüíîñòè.

Ñïîñîáû çàäàíèÿ ÷èñëîâîé ïîñëåäîâàòåëüíîñòè.

1. Àíàëèòè÷åñêèé ñïîñîá.

Ïîñëåäîâàòåëüíîñòü çàäàåòñÿ ñ ïîìîùüþ ôîðìóëû n-ãî ÷ëåíà: xn = f(n).

(a) xn = 1
n

: 1, 1
2
, 1
3
, 1
4
, . . . , 1

n
, . . ..

(b) xn = n
n+1

: 1
2
, 2
3
, 3
4
. . . , n

n+1
, . . ..

(c) xn = (−1)n : −1, 1,−1, 1, . . . ,−1, 1, . . ..

(d) xn = n2 : 1, 4, 9, 25, . . ..

2. Ãðàôè÷åñêèé.

Ïîñëåäîâàòåëüíîñòü çàäàåòñÿ ñ ïîìîùüþ òî÷åê íà ÷èñëîâîé ïðÿìîé.

qa)

0

q
1
2

q
1
4

q
1
3

- b) q
0

q
1
2

q
3
4

q
2
3

-

c) q
0

q
−1

q
1

- d) q
0

q
1

q
4

q
9

-

×èñëî a ∈ R íàçûâàåòñÿ ïðåäåëîì ïîñëåäîâàòåëüíîñòè {xn}, åñëè

∀ε > 0 ∃N ∈ N : ∀n ∈ N⇒ |xn − a| < ε.

Îáîçíà÷àåòñÿ ïðåäåë ÷èñëîâîé ïîñëåäîâàòåëüíîñòè:

lim
n→∞

xn = a.
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Çàìåòèì,

|xn − a| < ε⇔ −ε < xn − a < ε⇔ a− ε < xn < a+ ε, ò.å. xn ∈ (a− ε; a+ ε).

Òàêèì îáðàçîì, ÷èñëî a�ïðåäåë ïîñëåäîâàòåëüíîñòè {xn}, åñëè äëÿ ëþáîé ε-îêðåñòíîñòè
òî÷êè a íàéäåòñÿ íîìåð n ÷ëåíà ïîñëåäîâàòåëüíîñòè òàêîé, ÷òî âñå ÷ëåíû ïîñëåäîâàòåëü-

íîñòè ñ áîëüøèìè íîìåðàìè îêàæóòñÿ â ýòîé ε-îêðåñòíîñòè òî÷êè a.

Äëÿ ïîñëåäîâàòåëüíîñòåé èç ïðèìåðà áóäåì èìåòü:

lim
n→∞

1

n
= 0; lim

n→∞

n

n+ 1
= 1; lim

n→∞
(−1)n − íå ñóùåñòâóåò; lim

n→∞
n2 − íå ñóùåñòâóåò.

Äëÿ ïðåäåëà ÷èñëîâîé ïîñëåäîâàòåëüíîñòè ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà:

1. Åñëè ïîñëåäîâàòåëüíîñòü xn èìååò ïðåäåë, òî îí åäèíñòâåííûé.

2. Åñëè ïîñëåäîâàòåëüíîñòü xn èìååò êîíå÷íûé ïðåäåë, òî îíà îãðàíè÷åíà, ò.å.

∃M > 0 : ∀N ∈ N⇒ |xn| ≤M(ò.å.−M ≤ xn ≤M).

Îäíàêî, îáðàòíîå óòâåðæäåíèå íåâåðíî. Ïîñëåäîâàòåëüíîñòü ìîæåò áûòü îãðàíè÷å-

íà, íî ïðè ýòîì íå èìåòü ïðåäåëà (ñì. ïðèìåð c) âûøå).

Âîçìîæíû ñëåäóþùèå ðàçëè÷íûå ñèòóàöèè:

lim
n→∞

xn = +∞⇔ ∀ε > 0 ∃N ∈ N : ∀n ∈ N⇒ xn > M.

q
O

q
M

-

x

/// ///////////////////

lim
n→∞

xn = −∞⇔ ∀ε > 0 ∃N ∈ N : ∀n ∈ N⇒ xn < −M.

q
O

q
-M

-

x

////////////////////

lim
n→∞

xn =∞⇔ ∀ε > 0 ∃N ∈ N : ∀n ∈ N⇒ |xn| > M.

1.1.9. Ïðåäåë ôóíêöèè â òî÷êå

Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà â íåêîòîðîé îêðåñòíîñòè òî÷êè x0, êðîìå, ìîæåò

áûòü, ñàìîé òî÷êè x0. ×èñëî A ∈ R íàçûâàåòñÿ ïðåäåëîì ôóíêöèè y = f(x) â òî÷êå x0,

åñëè

∀xn ∈ D(f), xn 6= x0( lim
n→∞

xn = x0 ⇒ lim
n→∞

f(xn) = A.)

Îáîçíà÷åíèå lim
x→x0

f(x) = A.
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q

q

q
x0

qA

-

6

O

x

y

y = f(x)

{xn}

f(xn) p p p p p p p p p p p p pp p p p p p p p p p p p p pp p p p p p p p p p p p p p p pp p p p p p p p p p p p p p p p p ppppppppppppppp

ppppppppppppppp

pppppppppppppppp

pppppppppppppppp

ppppppppppppppppp
ðèñ.1

q

a
q

x0

qB

qA

-

6

O
x

y

y = f(x)

{xn}

f({xn})

p p p p p p p
p p p p p p p p p p p pppppppppppppppppppp

ppppppppppppppppppppp
pp

pppppppppppppppq
ppppppppppp

pppppppp
ppppppp
pppp ppppp ppppp pppppp

p p p p p p p
p p p p p p p p

ðèñ.2

Íà ðèñ.1 ∃ lim
x→x0

f(x) = A, íà ðèñ.2 @ lim
x→x0

f(x).

1.1.10. Áåñêîíå÷íûé ïðåäåë ôóíêöèè. Ïðåäåë ôóíêöèè íà áåñêîíå÷íîñòè

Ïóñòü A = +∞, èëè A = −∞, èëè A =∞, x0 ∈ R.

1.

lim
x→x0

f(x) = +∞⇔ ∀xn ∈ D(f), xn 6= x0( lim
n→∞

xn = x0 ⇒ lim
n→∞

f(xn) = +∞).

Â ýòîì ñëó÷àå ãðàôèê ôóíêöèè y = f(x) èìååò âåðòèêàëüíóþ àñèìïòîòó x = x0.

q
O

-

6

x

y

pppppppppppppqppppp

x = x0
ppppp

x0

y = f(x)

2.

lim
x→+∞

= A⇔ ∀xn ∈ D(f)( lim
n→∞

xn = +∞⇒ lim
n→∞

f(xn) = A).

Â ýòîì ñëó÷àå ãðàôèê ôóíêöèè y = f(x) èìååò ãîðèçîíòàëüíóþ àñèìïòîòó y = A

ïðè x→ +∞.
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q
O

-

6

x

y

ppppppppppppppppppppy = A pppppppppp

y = f(x)

Ãðàôèê ôóíêöèè ìîæåò èìåòü äâå ãîðèçîíòàëüíûå àñèìïòîòû îäíó ïðè x→ +∞ è

âòîðóþ ïðè x→ −∞.

Íàïðèìåð, ãðàôèê ôóíêöèè y = arctg x.

q
O

-

6

x

y

y = −π
2

y = π
2

ppppppppppppppppppppppppppppppppppppppppppppppppppppppp

y = arctg x ppppppppppppppppppppppppppppppppppppppppppppppppppppppp

1.1.11. Áåñêîíå÷íî ìàëûå è áåñêîíå÷íî áîëüøèå ôóíêöèè, ñâÿçü ìåæäó
íèìè

Îïðåäåëåíèå. Ôóíêöèÿ y = f(x) íàçûâàåòñÿ áåñêîíå÷íî ìàëîé â òî÷êå x0, åñëè

lim
x→x0

f(x) = 0.

Îïðåäåëåíèå. Ôóíêöèÿ y = f(x) íàçûâàåòñÿ áåñêîíå÷íî áîëüøîé â òî÷êå x0, åñëè

lim
x→x0

f(x) = +∞ èëè lim
x→x0

f(x) = −∞ èëè lim
x→x0

f(x) =∞.

Çàìåòèì, ÷òî íà ìåñòå x0 ìîæåò ñòîÿòü +∞, −∞, ∞.

Íàïðèìåð, ðàññìîòðèì ôóíêöèþ y = 2x.

q
O

t1
-

6

x

y

y = 2x
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lim
x→−∞

2x = 0⇒ y = 2x − áåñêîíå÷íî ìàëàÿ ïðè x→ −∞.

lim
x→+∞

2x = +∞⇒ y = 2x − áåñêîíå÷íî áîëüøàÿ ïðè x→ +∞.

Äàëåå, ðàññìîòðèì ôóíêöèþ y = sinx:

q
O

-

6

x

y

y = sinx

q
−2π

q
−π

q
π

q
−π

2

q
π
2

q
2π

q1
q−1

lim
x→0

sinx = 0⇒ y = sinx− áåñêîíå÷íî ìàëàÿ â òî÷êå x = 0.

lim
x→π

2

sinx = 1⇒ y = sinx− íå ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé â òî÷êå x =
π

2
.

Ñâÿçü áåñêîíå÷íî ìàëûõ è áåñêîíå÷íî áîëüøèõ ôóíêöèé âûðàæàåòñÿ â ñëåäóþùèõ

óòâåðæäåíèÿõ:

1. Åñëè α(x) � áåñêîíå÷íî ìàëàÿ ôóíêöèÿ, α(x) 6= 0, òî ôóíêöèÿ 1
α(x)

åñòü áåñêîíå÷íî

áîëüøàÿ ôóíêöèÿ.

2. Åñëè ôóíêöèÿ f(x) � áåñêîíå÷íî áîëüøàÿ ôóíêöèÿ, òî ôóíêöèÿ 1
f(x)

� áåñêîíå÷íî

ìàëàÿ ôóíêöèÿ.

1.1.12. Ñâîéñòâà áåñêîíå÷íî ìàëûõ è áåñêîíå÷íî áîëüøèõ ôóíêöèé.

Ïóñòü α(x) è β(x) � äâå áåñêîíå÷íî ìàëûå ôóíêöèè ïðè x→ x0. Ïóñòü ôóíêöèÿ y = f(x)

îãðàíè÷åíà ïðè x→ x0, ò.å. ∃C ∈ R, C > 0 : ∀x ∈ (x0 − δ;x0 + δ)⇒ |f(x)| < C.

Ïóñòü ϕ(x), ψ(x), χ(x) è ξ(x) � áåñêîíå÷íî áîëüøèå ôóíêöèè ïðè x→ x0, ïðè÷åì

lim
x→x0

ϕ(x) = +∞,

lim
x→x0

ψ(x) = +∞,

lim
x→x0

χ(x) = −∞,

lim
x→x0

ξ(x) = −∞.

Ïóñòü

lim
x→x0

g(x) = A, ãäå A ∈ R.
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Òîãäà çàïèøåì ñëåäóþùèå ñâîéñòâà áåñêîíå÷íî ìàëûõ (á/ì) ôóíêöèé è áåñêîíå÷íî áîëü-

øèõ (á/á) ôóíêöèé.

Ñâîéñòâà á/ì ôóíêöèé â ò. x0 Ñâîéñòâà á/á ôóíêöèé â ò. x0

1. α(x) + β(x) � á/ì ôóíêöèÿ 1. ϕ(x) + ψ(x) � á/á ôóíêöèÿ

lim
x→x0

(ϕ(x) + ψ(x)) = +∞,

ξ(x) + χ(x) � á/á ôóíêöèÿ

lim
x→x0

(ξ(x) + χ(x)) = −∞,

ϕ(x) + ξ(x) � íåîïðåäåëåííîñòü âèäà [∞−∞].

α(x) + g(x) � á/á ôóíêöèÿ

ψ(x) + g(x) � á/á ôóíêöèÿ

2. α(x) · β(x) � á/ì ôóíêöèÿ 2. lim
x→x0

(ϕ(x) · ψ(x)) = +∞, ò.å. +∞ · (+∞) = +∞,

lim
x→x0

(ξ(x) · χ(x)) = +∞, ò.å. −∞ · (−∞) = +∞

lim
x→x0

(ϕ(x) · χ(x)) = −∞, ò.å. +∞ · (−∞) = −∞.

3. ïðîèçâåäåíèå á/ì íà îãð - á/ì 3. ïðîèçâåäåíèå á/á íà îãð - á/á

f(x) · α(x) � á/ì ôóíêöèÿ c>0:

f(x) · ϕ(x) = +∞
f(x) · ξ(x) = −∞

c<0:

f(x) · ϕ(x) = −∞
f(x) · ξ(x) = +∞

c>0:

f(x) · ϕ(x) = +∞
c=0

f(x) · ϕ(x) = [0 · (+∞)] - íåîïðåä-òü

4. α(x)
β(x)

= [0
0
] - íåîïðåäåëåííîñòü. 4. ϕ(x)

ψ(x)
= [∞∞ ] -íåîïðåäåëåííîñòü.

1.1.13. Îñíîâíûå òåîðåìû î ïðåäåëàõ. Ðàñêðûòèå íåîïðåäåëåííîñòåé

Áóäåì ïðåäïîëàãàòü, ÷òî ñóùåñòâóþò ñëåäóþùèå ïðåäåëû:

lim
x→x0

f(x), lim
x→x0

g(x).

Òåîðåìà 1 (î ñâÿçè ôóíêöèè, åå ïðåäåëà è á/ì ôóíêöèè).

lim
x→x0

f(x) = A ∈ R⇒ f(x) = A+ α(x),

ãäå α(x)� áåñêîíå÷íî ìàëàÿ ôóíêöèÿ ïðè x→ x0.

Òåîðåìà 2 (îá àðèôìåòè÷åñêèõ îïåðàöèÿõ íàä ïðåäåëàìè). Ïóñòü

lim
x→x0

f(x) = A ∈ R, lim
x→x0

g(x) = B ∈ R.

Òîãäà

1. ∃ lim
x→x0

(f(x)± g(x)) = A±B.
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2. ∃ lim
x→x0

(f(x) · g(x)) = A ·B.

3. ∃ lim
x→x0

(
f(x)
g(x)

)
= A

B
, B 6= 0.

Òåîðåìà 3 (Ïðåäåë ñëîæíîé ôóíêöèè). Ïóñòü ñóùåñòâóþò ïðåäåëû:

lim
u→u0

f(u) = A è lim
x→x0

ϕ(x), u0 = ϕ(x0).

Òîãäà ñóùåñòâóåò ïðåäåë lim
x→x0

f(ϕ(x)).

Ïðèìåðû.

1. Íàéäèòå ïðåäåë

lim
x→0

x2 − 4

x+ 1
.

Ðåøåíèå.

f(x) = x2 − 4, g(x) = x+ 1,

lim
x→0

f(x) = −4, lim
x→0

g(x) = 1.

Òàê êàê ïðåäåë çíàìåíàòåëÿ íå ðàâåí íóëþ, òî ìîæíî âîñïîëüçîâàòüñÿ òåîðåìîé 2

ï.3. Òîãäà

lim
x→0

x2 − 4

x+ 1
=
−4

1
= −4.

2. Íàéäèòå ïðåäåë

lim
x→1

x2 − 1

x− 1
.

Ðåøåíèå.

f(x) = x2 − 1, g(x) = x− 1, lim
x→1

f(x) = 0, lim
x→1

g(x) = 0.

Â äàííîé çàäà÷å èìååì íåîïðåäåëåííîñòü âèäà
[
0
0

]
. Ïîýòîìó ïîëüçîâàòüñÿ òåîðåìîé

2 íåëüçÿ. Èìååì:

lim
x→1

x2 − 1

x− 1
= lim

x→1

(x− 1) · (x+ 1)

x− 1
= 2.

3. Íàéäèòå ïðåäåë

lim
x→0

√
x2 + 1− 1

x2
.

Ðåøåíèå.

f(x) =
√
x2 + 1− 1, g(x) = x2, lim

x→0
f(x) = 0, lim

x→0
g(x) = 0.

Â äàííîé çàäà÷å èìååì íåîïðåäåëåííîñòü âèäà
[
0
0

]
. Ïîýòîìó ïîëüçîâàòüñÿ òåîðåìîé

2 íåëüçÿ. Èìååì:

lim
x→0

√
x2 + 1− 1

x2
= lim

x→0

(
√
x2 + 1− 1)(

√
x2 + 1 + 1)

x2(
√
x2 + 1 + 1)

=

= lim
x→0

x2 + 1− 1

x2(
√
x2 + 1 + 1)

= lim
x→0

1√
x2 + 1 + 1

=
1

2
.
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4. Ðàññìîòðèì äðîáíî-ðàöèîíàëüíóþ ôóíêöèþ

y(x) =
a0x

m + a1x
m−1 + a2x

m−2 + · · ·+ am
b0xn + b1xn−1 + b2xn−2 + · · ·+ bn

, a0 6= 0, b0 6= 0.

Èññëåäóåì ïðåäåë ýòîé ôóíêöèè ïðè x −→ ∞. Ïðè äîñòàòî÷íî áîëüøèõ |x| çíàìå-
íàòåëü îòëè÷åí îò íóëÿ. Ðàçäåëèì è ÷èñëèòåëü, è çíàìåíàòåëü íà xn. Èìååì:

y(x) =
a0x

m−n + a1x
m−n−1 + a2x

m−n−2 + · · ·+ amx
−n

b0 + b1x−1 + b2x−2 + · · ·+ bnx−n
.

Ïðè x −→∞ çíàìåíàòåëü ñòðåìèòñÿ ê b0 6= 0. Òàêèì îáðàçîì,

lim
x→∞

y(x) =


∞, m > n
a0
b0
, m = n

0, m < n.

5. Íàéäèòå ïðåäåë:

lim
x→+∞

(
√
x2 + 1−

√
x2 + 4x).

Ðåøåíèå.

lim
x→+∞

(
√
x2 + 1−

√
x2 + 4x) = [∞−∞] = lim

x→+∞

(
√
x2 + 1−

√
x2 + 4x)(

√
x2 + 1 +

√
x2 + 4x)

(
√
x2 + 1 +

√
x2 + 4x)

=

lim
x→+∞

(x2 + 1− x2 − 4x)√
x2 + 1 +

√
x2 + 4x

= lim
x→+∞

(1− 4x)√
x2 + 1 +

√
x2 + 4x

=
[∞
∞

]
=
−4

2
= −2.

Òåîðåìà 4 (î ïðåäåëå ïðîìåæóòî÷íîé ôóíêöèè). (Òåîðåìà î äâóõ ìèëèöè-
îíåðàõ.) Åñëè ôóíêöèÿ f(x) çàêëþ÷åíà ìåæäó äâóìÿ ôóíêöèÿìè ϕ(x) è g(x), ñòðåìÿ-

ùèìèñÿ ê îäíîìó è òîìó æå ïðåäåëó, òî îíà òàêæå ñòðåìèòñÿ ê ýòîìó ïðåäåëó, ò.å. åñëè

lim
x→x0

ϕ(x) = A, lim
x→x0

g(x) = A, ϕ(x) ≤ f(x) ≤ g(x), lim
x→x0

f(x) = A.

1.1.14. Îäíîñòîðîííèå ïðåäåëû

Ïóñòü x0 ∈ R.

lim
x→x0

f(x) = A ∈ R⇔ ∀xn ∈ D(f), xn 6= x0 : lim
n→∞

xn = x0 ⇒ lim
n→∞

f(xn) = A.

Ðàññìîòðèì äâà ïðèìåðà. Íà ðèñ.1 ∃ lim
x→x0

f(x) = A, íà ðèñ.2 @ lim
x→x0

f(x).
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q
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x

y

y = f(x)
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pp

p p p p p p p p p p ppppp

ðèñ.2

Îïðåäåëåíèå 1. ×èñëî A íàçûâàåòñÿ ïðåäåëîì ñïðàâà ôóíêöèè y = f(x) â òî÷êå

x0, åñëè ∀xn ∈ D(f), xn > x0 : lim
n→∞

xn = x0 ⇒ limn→∞ f(xn) = A.

Îáîçíà÷àåòñÿ lim
x→x0+0

f(x) = A.

Îïðåäåëåíèå 2. ×èñëî A íàçûâàåòñÿ ïðåäåëîì ñëåâà ôóíêöèè y = f(x) â òî÷êå x0,

åñëè ∀xn ∈ D(f), xn < x0 : lim
n→∞

xn = x0 ⇒ limn→∞ f(xn) = A. Îáîçíà÷àåòñÿ lim
x→x0−0

f(x) =

A.

Òåîðåìà 5 (î ïðåäåëå ìîíîòîííîé ôóíêöèè). Åñëè ôóíêöèÿ f(x) ìîíîòîííà è

îãðàíè÷åíà ïðè x < x0 èëè ïðè x > x0, òî ñóùåñòâóåò ñîîòâåòñòâåííî åå ëåâûé ïðåäåë

lim
x→x0−0

f(x) = f(x0 − 0) èëè åå ïðàâûé ïðåäåë lim
x→x0+0

f(x) = f(x0 + 0).

1.1.15. Ïåðâûé çàìå÷àòåëüíûé ïðåäåë

lim
x→0

sinx

x
= 1.

Ñëåäñòâèÿ.

1.

lim
x→0

x

sinx
= 1, äåéñòâèòåëüíî, lim

x→0

sinx

x
= 1 = lim

x→0

1
x

sinx

;

2.

lim
x→0

sin kx

x
= k, äåéñòâèòåëüíî, lim

x→0

sin kx

x
= lim

x→0

sin kx
kx
k

=
1
1
k

= k;

3.

lim
x→0

tg kx

x
= k, äåéñòâèòåëüíî, lim

x→0

sin kx

x · cos kx
= lim

x→0

sin kx

x · 1
= ïî ï.1 = k.

Ïðèìåðû.

1.

lim
x→0

sin 3x

x
= 3 ïî ñëåäñòâèþ 2.

2.

lim
x→0

tg 5x

x
= 5 ïî ñëåäñòâèþ 3.
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3.

lim
x→0

1− cos 2x

x2
= ÷èñëèòåëü äðîáè ïðåîáðàçóåì ïî ôîðìóëå ïîíèæåíèÿ ñòåïåíè

= lim
x→0

2 sin2 x

x2
= 2 lim

x→0

sinx

x
· sinx

x
= 2 · 1 · 1 = 2.

4.

lim
x→0

sin 3x

arcsin 5x
= lim

x→0

sin 3x · 3x
3x · arcsin 5x

= 3 lim
x→0

x

arcsin 5x
=

∣∣∣∣∣∣∣∣∣
Ñäåëàåì çàìåíó:

t = arcsin 5x

t→ 0

5x = sin t

∣∣∣∣∣∣∣∣∣ =

= 3 lim
t→0

sin t

5t
=

3

5
.

1.1.16. Âòîðîé çàìå÷àòåëüíûé ïðåäåë

lim
x→∞

(
1 +

1

x

)x
= e.

Ïîëîæèì y = 1
x
, ãäå y → 0, òîãäà áóäåì èìåòü

lim
y→0

(1 + y)
1
y = e.

Çàìåòèì, ÷òî âòîðîé çàìå÷àòåëüíûé ïðåäåë ñëóæèò äëÿ ðàñêðûòèÿ íåîïðåäåëåííîñòè

âèäà [1∞].

Ñëåäñòâèÿ.

1.

lim
x→∞

(
1− 1

x

)−x
= lim

x→∞

(
1 +

(
−1

x

))−x
= e.

2.

lim
x→0

ln(x+ 1)

x
= 1, äåéñòâèòåëüíî, lim

x→0

ln(x+ 1)

x
= lim

x→0

1

x
· ln(x+ 1) =

lim
x→0

(ln(x+ 1)
1
x ) = ln(lim

x→0
(x+ 1)

1
x ) = ln e = 1.

3.

lim
x→0

ex − 1

x
= 1, äåéñòâèòåëüíî, ñäåëàåì çàìåíó y = ex − 1, òîãäà y → 0 è x = ln(y+1).

Áóäåì èìåòü

lim
y→0

y

ln(y + 1)
= lim

y→0

1
ln(y+1)

y

= 1.

4.

lim
x→0

loga(x+ 1)

x
= ln a, äåéñòâèòåëüíî, lim

x→0

loga(x+ 1)

x
= lim

x→0

1

x
· loga(x+ 1) =

= lim
x→0

(loga(x+ 1)
1
x ) = loga(lim

x→0
(x+ 1)

1
x ) = loga e =

1

ln a
.
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5.

lim
x→0

ax − 1

x
= ln a, äåéñòâèòåëüíî, ñäåëàåì çàìåíó y = ax − 1,

òîãäà y → 0 è x = loga(y + 1).

Áóäåì èìåòü

lim
y→0

y

loga(y + 1)
= lim

y→0

1
loga(y+1)

y

= ln a.

Ïðèìåðû.

1.

lim
x→∞

(
1− 5

2x+ 1

)x
= lim

x→∞

(
1− 5

2x+ 1

)x·(− 2x+1
5 )·(− 5

2x+1
)

= elimx→∞
−5x
2x+1 = e

−5
2 .

2.

lim
x→∞

x(ln(x+ 1)− lnx) = lim
x→∞

ln

(
x+ 1

x

)n
= ln e = 1.

3.

lim
x→0

(1− 2x)
1

sin x = lim
x→0

(1− 2x)
−2x
−2x( 1

sin x) = elimx→0(−2x
sin x) = e−2.

4.

lim
x→∞

(
x2 − 1

x2 + 2

)x2
= lim

x→∞

(
1 +

x2 − 1

x2 + 2
− 1

)x2
= lim

x→∞

(
1− 3

x2 + 2

)x2·(x2+2
−3

)
·
(
− 3
x2+2

)
=

= e
limx→∞

−3x2

x2+2 = e−3.

5.

lim
x→∞

(
x2 − 4x

x2 − 2

) 1
x2

= 10 = 1.

6.

lim
x→+∞

(
x2 − 4x

3x2 − 2

)x2
=

(
1

3

)+∞

= 0.

7.

lim
x→−∞

(
x2 − 4x

3x2 − 2

)5x3

=

(
1

3

)−∞
= +∞.

1.1.17. Ñðàâíåíèå áåñêîíå÷íî ìàëûõ ôóíêöèé. Ýêâèâàëåíòíûå áåñêîíå÷íî
ìàëûå ôóíêöèè

Ïóñòü α(x) è β(x) � äâå áåñêîíå÷íî ìàëûå ôóíêöèè â òî÷êå x = x0. Òîãäà ñïðàâåäëèâû

ñëåäóþùèå óòâåðæäåíèÿ:

1. Åñëè lim
x→x0

α(x)

β(x)
= A 6= 0, òî ôóíêöèè α(x) è β(x) ÿâëÿþòñÿ áåñêîíå÷íî ìàëûìè

îäíîãî ïîðÿäêà.

2. Åñëè lim
x→x0

α(x)

β(x)
= 0, òî ôóíêöèÿ α(x) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé áîëåå âûñîêîãî
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ïîðÿäêà, ÷åì β(x).

3. Åñëè lim
x→x0

α(x)

β(x)
=∞, òî ôóíêöèÿ α(x) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé áîëåå íèçêîãî

ïîðÿäêà, ÷åì β(x).

4. Åñëè lim
x→x0

α(x)

β(x)
íå ñóùåñòâóåò, òî ôóíêöèè α(x) è β(x)ÿâëÿþòñÿ íåñðàâíèìûìè

áåñêîíå÷íî ìàëûìè.

Çàìåòèì, ÷òî òî÷íî òàêèìè æå ïðàâèëàìè ïîëüçóþòñÿ ïðè ñðàâíåíèè áåñêîíå÷íî ìà-

ëûõ ôóíêöèé ïðè x→ ±∞ è x→ x0 ± 0.

Ïðèìåðû.

1. α(x) = 3x, β(x) = 6x � á.ì.ô. â òî÷êå x = 0.

Òàê êàê lim
x→0

3x

6x
=

3

6
=

1

2
, òî α(x) è β(x)− áåñêîíå÷íî ìàëûå îäíîãî ïîðÿäêà.

2. α(x) = 3x3, β(x) = 6x � á.ì.ô. â òî÷êå x = 0.

Òàê êàê lim
x→0

3x3

6x
= 0, òî ôóíêöèÿ α(x)− áåñêîíå÷íî ìàëàÿ áîëåå âûñîêîãî ïîðÿäêà,

÷åì β(x).

3. α(x) = sin 2x, β(x) = 6x2 � á.ì.ô. â òî÷êå x = 0.

Òàê êàê lim
x→0

sin 2x

6x2
=∞, òî ôóíêöèÿ α(x)− áåñêîíå÷íî ìàëîé áîëåå íèçêîãî ïîðÿäêà,

÷åì β(x).

4. α(x) = x · sin 1
x
, β(x) = x � á.ì.ô. â òî÷êå x = 0.

Òàê êàê lim
x→0

x · sin 1
x

x
= lim

x→0
sin

1

x

ïðåäåë íå ñóùåñòâóåò, òî ôóíêöèè α(x) è β(x) � íåñðàâíèìûå áåñêîíå÷íî ìàëûå.

Åñëè lim
x→x0

α(x)

β(x)
= 1, òî ôóíêöèè α(x) è β(x) íàçûâàþòñÿ ýêâèâàëåíòíûìè

áåñêîíå÷íî ìàëûìè ïðè x→ x0 (â òî÷êå x0) è îáîçíà÷àåòñÿ α(x) ∼ β(x).

Òàê êàê lim
x→0

sinx

x
= 1, òî sinx ∼ x ïðè x→ 0, àíàëîãè÷íî òàê êàê lim

x→0

tg x

x
= 1, òî

tg x ∼ x ïðè x→ 0.

Ñóùåñòâóåò ñëåäóþùàÿ òàáëèöà ýêâèâàëåíòíûõ áåñêîíå÷íî ìàëûõ ôóíêöèé ïðè x→ 0.
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1. sinx ∼ x 8. arctg kx ∼ kx

2. sin kx ∼ kx 9. 1− cosx ∼ x2

2

3. tg x ∼ x 10. ln(1 + x) ∼ x

4. tg kx ∼ kx 11. loga(1 + x) ∼ x
ln a

5. arcsinx ∼ x 12. ex − 1 ∼ x

6. arcsin kx ∼ kx 13. ax − 1 ∼ x ln a

7. arctg x ∼ x 14. (1 + x)k − 1 ∼ kx

Ïðèìåðû.

1.

lim
x→0

sin 2x

sin 5x
=

[
0

0

]
=

∣∣∣∣∣∣∣
ïðè x→ 0

sin 2x ∼ 2x

sin 5x ∼ 5x

∣∣∣∣∣∣∣ = lim
x→0

2x

5x
=

2

5
.

2.

lim
x→0

arcsin 5x · tg 3x+ x2

sin 4x · arctg 4x
=

[
0

0

]
=

∣∣∣∣∣∣∣∣∣∣∣∣

ïðè x→ 0

arcsin 5x ∼ 5x

tg 3x ∼ 3x

sin 4x ∼ 4x

arctg 4x ∼ 4x

∣∣∣∣∣∣∣∣∣∣∣∣
=

= lim
x→0

5x · 3x+ x2

4x · 4x
= lim

x→0

16x2

16x2
= 1.

3.

lim
x→1

arcsin(x− 1)

x2 − 5x+ 4
=

[
0

0

]
=

∣∣∣∣∣ ïðè x→ 1

arcsin(x− 1) ∼ (x− 1)

∣∣∣∣∣
= lim

x→1

(x− 1)

(x− 1) · (x− 4)
= lim

x→1

1

(x− 4)
= −1

3
.

1.2. Íåïðåðûâíîñòü ôóíêöèè â òî÷êå

Îïðåäåëåíèå 1. Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà â òî÷êå x0 è â íåêîòîðîé îêðåñòíî-

ñòè ýòîé òî÷êè. Ôóíêöèÿ y = f(x) íàçûâàåòñÿ íåïðåðûâíîé â òî÷êå x0, åñëè

1. ôóíêöèÿ f(x) îïðåäåëåíà â òî÷êå x0 è â åå îêðåñòíîñòè, ò.å. ∃f(x0);

2. ôóíêöèÿ f(x) èìååò ïðåäåë â òî÷êå x = x0, ò.å.

∃ lim
x→x0

f(x) = A.

3. ïðåäåë â òî÷êå x0 ðàâåí çíà÷åíèþ ôóíêöèè â ýòîé òî÷êå, ò.å.

lim
x→x0

f(x) = f(x0).
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Åñëè õîòÿ áû îäíî èç òðåõ óñëîâèé íàðóøàåòñÿ, òî ôóíêöèÿ íàçûâàåòñÿ ðàçðûâíîé
â òî÷êå x0, à òî÷êà x0 � òî÷êîé ðàçðûâà ôóíêöèè.
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ðèñ.2

1. ∃f(x0) 1. ∃f(x0)

2.∃ lim
x→x0

f(x) = A 2. @ lim
x→x0

f(x)

3. f(x0) 6= A

óñë-èå 3 íåïð-òè ôóíêöèè íàðóøåíî, óñë-èå 2 íåïð-òè ôóíêöèè íàðóøåíî,

ôóíêöèÿ ðàçðûâíà â òî÷êåx0 ôóíêöèÿ ðàçðûâíà â òî÷êåx0

q q
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y = f(x) ppppppppppppppppp

pppppppppppqppppppppppppppppppp
ðèñ.3

f(x0) = A

∃ lim
x→x0−0

f(x) = A ∈ R

lim
x→x0+0

f(x) = +∞

Ñôîðìóëèðóåì åù¼ îäíî îïðåäåëåíèå íåïðåðûâíîñòè ôóíêöèè â òî÷êå.

Îïðåäåëåíèå 2. Ôóíêöèÿ y = f(x) íàçûâàåòñÿ íåïðåðûâíîé â òî÷êå x0, åñëè

lim
x→x0−0

f(x) = lim
x→x0+0

f(x) = f(x0).

27



Îïðåäåëåíèå.Ôóíêöèÿ y = f(x) íàçûâàåòñÿ íåïðåðûâíîé ñïðàâà (ñëåâà) â òî÷êå
x0, åñëè lim

x→x0+0
f(x) = f(x0)( lim

x→x0−0
f(x) = f(x0)).

Íà ðèñ.2 ôóíêöèÿ íåïðåðûâíà ñëåâà â òî÷êå x0.

Ôóíêöèÿ ÿâëÿåòñÿ íåïðåðûâíîé â òî÷êå x0, åñëè îíà íåïðåðûâíà è ñëåâà, è ñïðàâà â

ýòîé òî÷êå.

Â íåêîòîðûõ ñëó÷àÿõ ïðè èññëåäîâàíèè ôóíêöèè íà íåïðåðûâíîñòü óäîáíî èñïîëüçî-

âàòü îïðåäåëåíèå íåïðåðûâíîñòè ôóíêöèè â òî÷êå íà ÿçûêå ïðèðàùåíèé.

Ïóñòü x0 ∈ D(f) � âíóòðåííÿ òî÷êà îáëàñòè D, ò.å. îíà âõîäèò â D(f) âìåñòå ñ íåêî-

òîðîé ñâîåé îêðåñòíîñòüþ. Ïðèäàäèì àðãóìåíòó x0 ïðèðàùåíèå 4x (4x �÷èñëî, 4x > 0

èëè 4x < 0 ) òàê, ÷òîáû (x0 +4x) ∈ D(f). Ýòî ïðèðàùåíèå àðãóìåíòà âûçîâåò ñîîòâåò-

ñòâóþùåå ïðèðàùåíèå ôóíêöèè 4y = f(x0 +4x)− f(x0)

Îïðåäåëåíèå 3. Ôóíêöèÿ y = f(x) íàçûâàåòñÿ íåïðåðûâíîé â òî÷êå x0, åñëè îíà

îïðåäåëåíà â òî÷êå x0 è åå îêðåñòíîñòè è âûïîëíÿåòñÿ óñëîâèå lim
4x→0

4y = 0, ò.å. áåñêîíå÷íî

ìàëîìó ïðèðàùåíèþ àðãóìåíòà ñîîòâåòñòâóåò áåñêîíå÷íî ìàëîå ïðèðàùåíèå ôóíêöèè.

q
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Äîêàæåì íåïðåðûâíîñòü äâóõ îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé y = x2 è y = sinx,

èñïîëüçóÿ ïðåäåëåíèå 3.

1. Ïîêàæåì, ÷òî ôóíêöèÿ y = x2 íåïðåðûâíà â êàæäîé òî÷êå ÷èñëîâîé ïðÿìîé. Äëÿ

ëþáîãî 4x èìååì

4y = (x0 +4x)2 − x20 = x20 + 2x04x+ (4x)2 − x20 = 2x04x+ (4x)2 = 4x(2x0 +4x).

È ðàññìîòðèì

lim
4x→0

4y = 0,

ñëåäîâàòåëüíî, ôóíêöèÿ y = x2 íåïðåðûâíà.

2. Ïîêàæåì, ÷òî ôóíêöèÿ y = sinx íåïðåðûâíà â êàæäîé òî÷êå ÷èñëîâîé ïðÿìîé. Äëÿ

ëþáîãî 4x èìååì

4y = sin(x+4x)− sinx = 2 cos

(
x+
4x
2

)
· sin

(
4x
2

)
.
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Òîãäà

lim
4x→0

4y = lim
4x→0

2 cos

(
x+
4x
2

)
· sin

(
4x
2

)
= 0,

òàê êàê ïðîèçâåäåíèå îãðàíè÷åííîé ôóíêöèè è áåñêîíå÷íî ìàëîé åñòü ôóíêöèÿ áåñ-

êîíå÷íî ìàëàÿ. Òàêèì îáðàçîì, ôóíêöèÿ y = sin x íåïðåðûâíà â êàæäîé òî÷êå ÷èñ-

ëîâîé ïðÿìîé.

1.2.1. Îñíîâíûå òåîðåìû î íåïðåðûâíûõ ôóíêöèÿõ

Òåîðåìà 1. Ñóììà, ïðîèçâåäåíèå è ÷àñòíîå äâóõ íåïðåðûâíûõ ôóíêöèé åñòü ôóíêöèÿ
íåïðåðûâíàÿ (äëÿ ÷àñòíîãî èñêëþ÷àåì òå çíà÷åíèÿ àðãóìåíòà, â êîòîðûõ äåëèòåëü ðàâåí

íóëþ).

Òåîðåìà 2. Ïóñòü ôóíêöèè u = ϕ(x) íåïðåðûâíà â òî÷êå x0, à ôóíêöèÿ y = f(u)

íåïðåðûâíà â òî÷êå u0 = ϕ(x0). Òîãäà ñëîæíàÿ ôóíêöèÿ f(ϕ(x)) íåïðåðûâíà â òî÷êå x0.

Òåîðåìà 3. Åñëè ôóíêöèè y = f(x) íåïðåðûâíà è ñòðîãî ìîíîòîííà íà [a, b] îñè Ox, òî

îáðàòíàÿ ôóíêöèÿ y = ϕ(x) òàêæå íåïðåðûâíà è ìîíîòîííà íà ñîîòâåòñòâóþùåì îòðåçêå

[c, d] îñè Oy.

Òåîðåìà 4. Âñÿêàÿ îñíîâíàÿ ýëåìåíòàðíàÿ ôóíêöèÿ íåïðåðûâíà â êàæäîé òî÷êå ñâîåé
îáëàñòè îïðåäåëåíèÿ (íåïðåðûâíà íà D(f)).

Ýëåìåíòàðíîé íàçûâàåòñÿ òàêàÿ ôóíêöèÿ, êîòîðóþ ìîæíî çàäàòü îäíîé ôîðìóëîé,

ñîäåðæàùåé êîíå÷íîå ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé è ñóïåðïîçèöèé îñíîâíûõ ýëåìåí-

òàðíûõ ôóíêöèé. Ïîýòîìó èìååì :

Òåîðåìà 5. Âñÿêàÿ ýëåìåíòàðíàÿ ôóíêöèÿ íåïðåðûâíà â êàæäîé òî÷êå ñâîåé îáëàñòè
îïðåäåëåíèÿ.

Ïîýòîìó ëåãêî íàõîäèòü ïðåäåë ýëåìåíòàðíîé ôóíêöèè â òî÷êå, ãäå îíà îïðåäåëåíà.

Íàïðèìåð, lim
x→0

5x = 50 = 1.

Ïðèìåð. Äîêàçàòü, ÷òî ôóíêöèÿ y = x3+5x−7 íåïðåðûâíà íà âñåé ÷èñëîâîé ïðÿìîé.

Èòàê, ôóíêöèè y = x3, y = x, y = 5, y = 7 � íåïðåðûâíû íà âñåé ÷èñëîâîé ïðÿìîé.

Ñëåäîâàòåëüíî, y = 5x� íåïðåðûâíà êàê ïðîèçâåäåíèå íåïðåðûâíûõ ôóíêöèé, à èñõîäíàÿ

ôóíêöèÿ íåïðåðûâíà êàê ñóììà íåïðåðûâíûõ ôóíêöèé.

1.2.2. Òî÷êè ðàçðûâà è èõ êëàññèôèêàöèÿ

Òî÷êè, â êîòîðûõ íàðóøàåòñÿ íåïðåðûâíîñòü ôóíêöèè, íàçûâàþòñÿ òî÷êàìè ðàçðû-
âà ýòîé ôóíêöèè.

Åñëè x = x0 � òî÷êà ðàçðûâà ôóíêöèè y = f(x), òî â íåé íå âûïîëíÿåòñÿ ïî êðàé-

íåé ìåðå îäíî èç óñëîâèé îïðåäåëåíèÿ1 íåïðåðûâíîñòè ôóíêöèè, à èìåííî. Ðàññìîòðèì

ïðèìåðû:

1. Ôóíêöèÿ îïðåäåëåíà â îêðåñòíîñòè òî÷êè x0, íî íå îïðåäåëåíà â ñàìîé òî÷êå x0.

Íàïðèìåð, ôóíêöèÿ

y =
1

x− 4
íå îïðåäåëåíà â òî÷êå x0 = 4.
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2. Ôóíêöèÿ îïðåäåëåíà â òî÷êå x0 è åå îêðåñòíîñòè, íî íå ñóùåñòâóåò ïðåäåëà f(x) â

òî÷êå x = x0. Íàïðèìåð, ôóíêöèÿ,

f(x) =

{
x− 1, åñëè − 1 ≤ x < 2,

2− x, åñëè 2 ≤ x ≤ 5,

îïðåäåëåíà â òî÷êå x0 = 2 (f(2) = 0), îäíàêî â òî÷êå x0 = 2 èìååò ðàçðûâ, ò.ê. ýòà

ôóíêöèÿ íå èìååò ïðåäåëà â òî÷êå x = 2,

lim
x→2−0

f(x) = 1, à lim
x→2+0

f(x) = 0.

3. Ôóíêöèÿ îïðåäåëåíà â òî÷êå x0 è åå îêðåñòíîñòè, ñóùåñòâóåò

lim
x→x0

f(x), íî ýòîò ïðåäåë íå ðàâåí çíà÷åíèþ ôóíêöèè â òî÷êå x0

lim
x→x0

f(x) 6= f(x0).

Íàïðèìåð, ðàññìîòðèì ôóíêöèþ

f(x) =

{
sinx
x
, åñëèx 6= 0,

2, åñëèx = 0.

Çäåñü x0 = 0 � òî÷êà ðàçðûâà.

lim
x→0

sinx

x
= 1, à f(x0) = f(0) = 2.

1.2.3. Êëàññèôèêàöèÿ òî÷åê ðàçðûâà

Ïóñòü òî÷êà x0 � òî÷êà ðàçðûâà ôóíêöèè y = f(x).

1. Òî÷êà ðàçðûâà x0 íàçûâàåòñÿ òî÷êîé ðàçðûâà ïåðâîãî ðîäà ôóíêöèè y = f(x),

åñëè â ýòîé òî÷êå ñóùåñòâóþò êîíå÷íûå ïðåäåëû ôóíêöèè ñëåâà è ñïðàâà, ò.å.

lim
x→x0−0

f(x) = A1 è lim
x→x0+0

f(x) = A2.

Ïðè ýòîì:

• åñëè A1 = A2 6= f(x0), òî òî÷êà x0 íàçûâàåòñÿ òî÷êîé óñòðàíèìîãî ðàçðûâà. Íà

ðèñ.1 ï.1.2 ò. x0 � òî÷êà óñòðàíèìîãî ðàçðûâà.

• åñëè A1 6= A2, òî òî÷êà x0 íàçûâàåòñÿ òî÷êîé êîíå÷íîãî ðàçðûâà (òî÷êà �ñêà÷-

êà�). Âåëè÷èíó |A1 − A2| íàçûâàþò ñêà÷êîì ôóíêöèè â òî÷êå ðàçðûâà ïåðâîãî

ðîäà. Íà ðèñ. 2 ï.1.2 A1 = A, A2 = B, f(x0) = A, ñëåäîâàòåëüíî, x0 � òî÷êà

ðàçðûâà I ðîäà, òî÷êà "ñêà÷êà".

2. Òî÷êà ðàçðûâà x0 íàçûâàåòñÿ òî÷êîé ðàçðûâà âòîðîãî ðîäà ôóíêöèè y = f(x),

åñëè õîòÿ áû îäèí èç îäíîñòîðîííèõ ïðåäåëîâ â ýòîé òî÷êå íå ñóùåñòâóåò èëè ðàâåí

áåñêîíå÷íîñòè. Íà ðèñ.3 ôóíêöèÿ y = f(x) èìååò áåñêîíå÷íûé ïðåäåë ñïðàâà â òî÷êå

x0, çíà÷èò, x0 � òî÷êà ðàçðûâà II ðîäà.
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Äëÿ ôóíêöèè, óêàçàííîé â ïðèìåðå 1) ï.ï.1.2.2, òî÷êà x0 = 4 � òî÷êà ðàçðûâà âòîðîãî

ðîäà, äëÿ ôóíêöèè, óêàçàííîé â ïðèìåðå 2), òî÷êà x0 = 2 � òî÷êà ðàçðûâà ïåðâîãî ðîäà,

òî÷êà "ñêà÷êà äëÿ ôóíêöèè, óêàçàííîé â ïðèìåðå 3), òî÷êà x0 = 0 � òî÷êà óñòðàíèìîãî

ðàçðûâà ïåðâîãî ðîäà, åñëè ïîëîæèì g(x) = 1 ïðè x = 0, òî ðàçðûâ óñòðàíèòñÿ, ôóíêöèÿ

ñòàíåò íåïðåðûâíîé.

Ïðèìåð. Èññëåäîâàòü ôóíêöèþ íà íåïðåðûâíîñòü è ïîñòðîèòü ãðàôèê ñõåìàòè÷íî.

f(x) =


2− x, åñëè x ≤ 1,

x2, åñëè 1 < x ≤ 2,(
1
2

)x
åñëè x > 2.

Íà èíòåðâàëàõ (−∞; 1), (1; 2), (2; +∞) äàííàÿ ôóíêöèÿ çàäàíà ñ ïîìîùüþ îñíîâíûõ

ýëåìåíòàðíûõ ôóíêöèé, ïîýòîìó îíà íåïðåðûâíà â êàæäîé òî÷êå ýòèõ èíòåðâàëîâ. Ôóíê-

öèÿ ìîæåò áûòü ðàçðûâíà ëèøü òîëüêî â òî÷êàõ x0 = 1 è x0 = 2, â êîòîðûõ ìåíÿåòñÿ

àíàëèòè÷åñêîå âûðàæåíèå.

Èññëåäóåì ôóíêöèþ â òî÷êå x = 1:

lim
x→1−0

f(x) = lim
x→1

(2− x) = 2− 1 = 1, lim
x→1+0

f(x) = lim
x→1

x2 = 12 = 1,

f(1) = (2− x)|x=1 = 2− 1 = 1.

Òàê êàê

lim
x→1−0

f(x) = lim
x→1+0

f(x) = f(1),

òî ôóíêöèÿ y = f(x) íåïðåðûâíà â òî÷êå x0 = 1.

Èññëåäóåì ôóíêöèþ y = f(x) íåïðåðûâíà â òî÷êå x0 = 2:

lim
x→2−0

f(x) = lim
x→2

x2 = 22 = 4, lim
x→2+0

f(x) = lim
x→2

(
1

2

)x
=

(
1

2

)2

=
1

4
,

f(2) = x2|x=2 = 22 = 4.

Òàê êàê

f(2) = lim
x→2−0

f(x) 6= lim
x→2+0

f(x),

òî ôóíêöèÿ y = f(x) ÿâëÿåòñÿ ðàçðûâíîé â òî÷êå x0 = 2. Ïðè ýòîì ôóíêöèÿ íåïðåðûíà

ñëåâà â òî÷êå x0 = 2. Òàêèì îáðàçîì, òî÷êà x0 = 2 � òî÷êà ðàçðûâà I ðîäà, òî÷êà "ñêà÷êà".

Ïîñòðîèì ñõåìàòè÷íî ãðàôèê ôóíêöèè y = f(x).
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1.2.4. Ñâîéñòâà ôóíêöèé, íåïðåðûâíûõ íà îòðåçêå

Îïðåäåëåíèå. Ôóíêöèÿ y = f(x) íàçûâàåòñÿ íåïðåðûâíîé íà îòðåçêå [a, b], åñëè

1. y = f(x) íåïðåðûâíà â êàæäîé òî÷êå èíòåðâàëà (a; b);

2. y = f(x) â òî÷êå x = a íåïðåðûâíà ñïðàâà, ò.å. lim
x→a+0

f(x) = f(a);

3. y = f(x) â òî÷êå x = b íåïðåðûâíà ñëåâà, ò.å. lim
x→b−0

f(x) = f(b).

Òåîðåìà 1 ( Âåéåðøòðàññà). Ïóñòü ôóíêöèÿ y = f(x) íåïðåðûâíà íà îòðåçêå [a, b],

òîãäà îíà îãðàíè÷åíà íà íåì è äîñòèãàåò ñâîèõ íàèáîëüøåãîM è íàèìåíüøåãîm çíà÷åíèé,

ò.å.

∃x1 ∈ [a, b](f(x1) = M) è ∃x2 ∈ [a, b](f(x2) = m).

Íàïðèìåð,
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ðèñ.3

Òðåáîâàíèå íåïðåðûâíîñòè ôóíêöèè íà îòðåçêå ÿâëÿåòñÿ îáÿçàòåëüíûì. Íà ïîñëåäíåì

ðèñóíêå ôóíêöèÿ ðàçðûâíà, íå äîñòèãàåò íàèáîëüøåãî çíà÷åíèÿ íà îòðåçêå.

Òåîðåìà 2. Ïóñòü ôóíêöèÿ y = f(x) íåïðåðûâíà íà îòðåçêå [a, b] è íà åãî êîíöàõ

ïðèíèìàåò çíà÷åíèÿ ðàçíûõ çíàêîâ (ò.å. f(a) · f(b) < 0), òî âíóòðè îòðåçêà [a, b] íàéäåòñÿ

õîòÿ áû îäíà òî÷êà c, â êîòîðîé äàííàÿ ôóíêöèÿ f(x) îáðàùàåòñÿ â íóëü: f(c) = 0.
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ðèñ.2

Òðåáîâàíèå íåïðåðûâíîñòè ÿâëÿåòñÿ ñóùåñòâåííûì, òàê íà ðèñ. 2 íåò òî÷êè x = c

òàêîé, ÷òî f(c) = 0.

Òåîðåìà 3. Ïóñòü ôóíêöèÿ y = f(x) íåïðåðûâíà íà îòðåçêå [a, b] è íà åãî êîíöàõ

ïðèíèìàåò ðàçíûå çíà÷åíèÿ, ò.å. f(a) = A, f(b) = B, A 6= B è ïóñòü ÷èñëî C ðàñïîëîæåíî

ìåæäó A è B. Òîãäà ∃ c ∈ (a, b)(f(c) = C).
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ðèñ.2

Òî åñòü íåïðåðûâíàÿ íà [a; b] ôóíêöèÿ ïðèíèìàåò âñå ïðîìåæóòî÷íûå çíà÷åíèÿ ìåæäó

A è B. Òðåáîâàíèå íåïðåðûâíîñòè ÿâëÿåòñÿ ñóùåñòâåííûì.

2. ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÅ ÈÑ×ÈÑËÅÍÈÅ ÔÓÍÊÖÈÈ ÎÄÍÎÉ
ÏÅÐÅÌÅÍÍÎÉ

2.1. Ïðîèçâîäíàÿ

2.1.1. Çàäà÷è, ïðèâîäÿùèå ê ïîíÿòèþ ïðîèçâîäíîé

1. Çàäà÷à î êàñàòåëüíîé ê ãðàôèêó ôóíêöèè.
Ïóñòü äàí ãðàôèê ôóíêöèè y = f(x).Âûáåðåì íà í¼ì òî÷êóñM(x0; f(x0). Ïðîâåä¼ì â

ýòîé òî÷êå ê ãðàôèêó ôóíêöèè êàñàòåëüíóþ (ïðåäïîëàãàåì, ÷òî îíà ñóùåñòâóåò). Ïîñòà-

âèì çàäà÷ó íàéòè óãëîâîé êîýôôèöèåíò êàñàòåëüíîé.
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ðèñ.1

Äàäèì àðãóìåíòó x0 ïðèðàùåíèå4x è ðàññìîòðèì íà ãðàôèêå òî÷êó P (x0+4x; f(x0+

4x)). Óãëîâîé êîýôôèöèåíò ñåêóùåé MP , ò.å. òàíãåíñ óãëà ìåæäó ñåêóùåé è îñüþ Ox

âû÷èñëÿåòñÿ ïî ôîðìóëå kñåê. = 4y
4x . Åñëè òåïåðü óñòðåìèòü 4x ê íóëþ, òî òî÷êà P íà÷í¼ò
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ïðèáëèæàòüñÿ ïî êðèâîé ê òî÷êå M . Êàñàòåëüíàÿ � ýòî ïðåäåëüíîå ïîëîæåíèå ñåêóùåé

ïðè ýòîì ïðèáëèæåíèè. Çíà÷èò, óãëîâîé êîýôôèöèåíò êàñàòåëüíîé kêàñ. = lim
4x→0

kñåê., ò.å.

kêàñ. = 4y
4x .

Çàäà÷à î ïðÿìîëèíåéíîì äâèæåíèè ìàòåðèàëüíîé òî÷êè.
Ïóñòü O � íåêîòîðàÿ ôèêñèðîâàííàÿ òî÷êà íåêîòîðîé ïðÿìîé l. Ïóñòü ìàòåðèàëüíàÿ

òî÷êà M äâèæåòñÿ íåðàâíîìåðíî ïî ïðÿìîé l. Êàæäîìó çíà÷åíèþ âðåìåíè t0 ñîîòâåò-

ñòâóåò îïðåäåëåííîå ðàññòîÿíèå S äî ôèêñèðîâàííîé òî÷êè O. Ýòî ðàññòîÿíèå çàâèñèò

îò èñòåêøåãî âðåìåíè t, ò.å. S = S(t) � çàêîí äâèæåíèÿ òî÷êè. Ïóñòü â íåêîòîðûé ìî-

ìåíò âðåìåíè t0 òî÷êà çàíèìàåò ïîëîæåíèå M . Òîãäà â ìîìåíò âðåìåíè t0 + 4t (4t �
ïðèðàùåíèå âðåìåíè) òî÷êà çàéìåò ïîëîæåíèå M1, ãäå OM1 = S + 4S (4S � ïðèðà-

ùåíèå ðàññòîÿíèÿ) (ñì.ðèñ.). Òàêèì îáðàçîì, ïåðåìåùåíèå òî÷êè M çà âðåìÿ 4t áóäåò
4S = S(t0 +4t)− S(t0).

q
O

q
M

pppppppp
ppppp p p p p p p p p p p p p p p p

S(t0)

S(t0 +4t)

q
M1

ppppppppp p p p p p p p p p p p p p p p p p p p p p p p p p
l

Îòíîøåíèå 4S4t � ñðåäíÿÿ ñêîðîñòü äâèæåíèÿ òî÷êè çà âðåìÿ 4t:

Vñð. =
4S
4t

.

×åì ìåíüøå 4t, òåì òî÷íåå ñðåäíÿÿ ñêîðîñòü äâèæåíèÿ òî÷êè â äàííûé ìîìåíò âðåìåíè

t. Ïðåäåë ñðåäíåé ñêîðîñòè äâèæåíèÿ ïðè ñòðåìëåíèè ïðîìåæóòêà âðåìåíè 4t ê íóëþ íà-

çûâàåòñÿ ñêîðîñòüþ äâèæåíèÿ òî÷êè â äàííûé ìîìåíò âðåìåíè (ìãíîâåííîé ñêîðîñòüþ).

Îáîçíà÷èì ñêîðîñòü ÷åðåç V , ïîëó÷èì

V = lim
4t→0

4S
4t

èëè V = lim
4t→0

S(t0 +4t)− S(t0)

4t
.

2.1.2. Ïîíÿòèå ïðîèçâîäíîé ôóíêöèè â òî÷êå

Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà â íåêîòîðîé îáëàñòè D(f), òî÷êà x0 � âíóòðåííÿÿ

òî÷êà îáëàñòè D(f).

1. Àðãóìåíòó x0 äàäèì ïðèðàùåíèå 4x òàê, ÷òîáû x0 +4x ∈ D(f).

2. Íàéäåì ñîîòâåòñòâóþùåå ïðèðàùåíèå ôóíêöèè

4y = f(x0 +4x)− f(x0).

3. Ñîñòàâèì îòíîøåíèå ïðèðàùåíèÿ ôóíêöèè ê ïðèðàùåíèþ àðãóìåíòà 4y4x .

4. Íàéäåì ïðåäåë îòíîøåíèÿ 4y4x ïðè 4x→ 0, ò.å.

lim
4x→0

4y
4x

= lim
4x→0

f(x0 +4x)− f(x0)

4x
(1)
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Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë (1), òî îí íàçûâàåòñÿ çíà÷åíèåì ïðîèçâîäíîé ôóíê-

öèè f(x) â òî÷êå x0 è îáîçíà÷àåòñÿ f
′(x0).

Òàêèì îáðàçîì, èìååì

f ′(x0) = lim
4x→0

4y
4x

(2)

Òàê âîçíèêàåò íîâàÿ ôóíêöèÿ, çíà÷åíèÿ êîòîðîé âû÷èñëÿþòñÿ ïî ôîðìóëå (2). Ýòà

ôóíêöèÿ íàçâàåòñÿ ïðîèçâîäíîé äëÿ äàííîé ôóíêöèè f(x) è ìîæåò îáîçíà÷àòüñÿ òàê:

f ′(x); y′; dy
dx
. Îïåðàöèÿ íàõîæäåíèÿ ïðîèçâîäíîé íàçûâàåòñÿ äèôôåðåíöèðîâàíèåì.

Åñëè ôóíêöèÿ y = f(x) èìååò ïðîèçâîäíóþ â òî÷êå x0, òî îíà íàçûâàåòñÿ äèôôåðåí-
öèðóåìîé â òî÷êå x0.

2.1.3. Ãåîìåòðè÷åñêèé è ôèçè÷åñêèé ñìûñë ïðîèçâîäíîé

Ðàññìîòðèì ãðàôèê íåïðåðûâíîé ôóíêöèè y = f(x). (ñì.ðèñ.) Â ïðîèçâîëüíîé òî÷êå

M0(x0, y0) ïðîâåäåì íåâåðòèêàëüíóþ êàñàòåëüíóþ. Íàéäåì åå óãëîâîé êîýôôèöèåíò k =

tgα, ãäå α � óãîë êàñàòåëüíîé ñ îñüþ Ox. Äëÿ ýòîãî âîçüìåì òî÷êóM ñ àáñöèññîé x0+4x
è ïðîâåäåì ñåêóùóþ ÷åðåç äâå òî÷êè: M0 è M . Îáîçíà÷èì ÷åðåç β óãîë ìåæäó ñåêóùåé è

îñüþ Ox. Ðàññìîòðèì ïðÿìîóãîëüíûé òðåóãîëüíèê M0HM :

∠H =
π

2
, tg∠β =

MH

M0H
.

MH = f(x0 +4x)− f(x0) = 4y, M0H = x0 +4x− x0 = 4x

Ñëåäîâàòåëüíî,

tg β =
4y
4x

.

Ïðè 4x → 0, òàê êàê ôóíêöèÿ íåïðåðûâíàÿ, òî 4y → 0. Òî÷êà M íåîãðàíè÷åííî

ïðèáëèæàåòñÿ ïî êðèâîé ê òî÷êåM0 (M →M0), à ñåêóùàÿM0M ïåðåõîäèò â êàñàòåëüíóþ.

Óãîë β → α, ò.å. lim4x→0 tg β = tgα. Ïîýòîìó óãëîâîé êîýôôèöèåíò êàñàòåëüíîé ðàâåí

k = tgα = lim
4x→0

tg β = lim
4x→0

4y
4x

= lim
4x→0

f(x0 +4x)− f(x0)

4x
= f ′(x0).

Ò.å. çíà÷åíèå ïðîèçâîäíîé f ′(x0) â òî÷êå x0 ðàâíî tgα óãëîâîìó êîýôôèöèåíòó êàñàòåëü-

íîé ê ãðàôèêó ôóíêöèè y = f(x) â òî÷êå, àáñöèññà êîòîðîé ðàâíà x0.

Â ýòîì è ñîñòîèò ãåîìåòðè÷åñêèé ñìûñë ïðîèçâîäíîé.

Èçâåñòíî, tgα = k, ãäå k � óãëîâîé êîýôôôèöèåíò ïðÿìîé y = kx + b. Óðàâíåíèå

ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êó M0 = (x0, y0) è èìåþùåé óãëîâîé êîýôôèöèåíò k, èìååò

âèä y−y0 = k(x−x0). Ñëåäîâàòåëüíî, óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = f(x)

â òî÷êå ñ àáñöèññîé x0: y − f(x0) = f ′(x0)(x− x0). Èëè

y = f(x0) + f ′(x0)(x− x0).

Òàê êàê äëÿ óãëîâûõ êîýôôèöèåíòîâ k1 è k2 äâóõ ïåðïåíäèêóëÿðíûõ ïðÿìûõ âûïîë-

íÿåòñÿ ñîîòíîøåíèå k1 · k2 = −1, ò.å. k1 = − 1
k2
, òî óðàâíåíèå íîðìàëè ê ãðàôèêó ôóíêöèè

y = f(x) â òî÷êå x0 áóäåò èìåòü âèä:
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y = f(x0)−
1

f ′(x0)
(x− x0).
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ðèñ.1

Óðàâíåíèå êàñàòåëüíîé ê êðèâîé y = f(x) â òî÷êå x0 èìååò âèä:

y − y0 = f ′(x0)(x− x0).

Óãëîâîé êîýôôèöèåíò ïðÿìîé ðàâåí çíà÷åíèþ ïðîèçâîäíîé ôóíêöèè â òî÷êå x0.

Åñëè ôóíêöèÿ y = f(x) â òî÷êå x0 èìååò ïðîèçâîäíóþ, òî â òî÷êå ñ ýòîé àáñöèññîé

îïðåäåëåíà êàñàòåëüíàÿ ê ãðàôèêó ôóíêöèè y = f(x) è íàîáîðîò.

Â çàäà÷å ïðî ñêîðîñòü ïðÿìîëèíåéíîãî äâèæåíèÿ áûëî ïîëó÷åíî V = lim4t→0
4S
4t . Ýòî

ðàâåíñòâî ïåðåïèøåì â âèäå V = S ′(t).

Òàêèì îáðàçîì, ìåõàíè÷åñêèé ñìûñë ïðîèçâîäíîé: ñêîðîñòü ïðÿìîëèíåéíîãî äâèæåíèÿ

ìàòåðèàëüíîé òî÷êè â ìîìåíò âðåìåíè t åñòü ïðîèçâîäíàÿ îò ïóòè S ïî âðåìåíè t.

Îáîáùàÿ, ïîëó÷èì ôèçè÷åñêèé ñìûñë ïðîèçâîäíîé: åñëè ôóíêöèÿ y = f(x) îïèñûâàåò

êàêîé-ëèáî ïðîöåññ, òî ïðîèçâîäíàÿ y′ åñòü ñêîðîñòü ïðîòåêàíèÿ ýòîãî ïðîöåññà.

2.1.4. Ñâÿçü ìåæäó íåïðåðûâíîñòüþ è äèôôåðåíöèðóåìîñòüþ

Òåîðåìà. Åñëè ôóíêöèÿ y = f(x) äèôôåðåíöèðóåìà â íåêîòîðîé òî÷êå x0, òî îíà íåïðå-

ðûâíà â ýòîé òî÷êå.

Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ y = f(x) äèôôåðåíöèðóåìà â íåêîòîðîé òî÷êå x0.

Ñëåäîâàòåëüíî, ñóùåñòâóåò ïðåäåë

lim
4x→0

4y
4x

= f ′(x0).

Îòñþäà, ïî òåîðåìå î ñâÿçè ôóíêöèè, åå ïðåäåëà è áåñêîíå÷íî ìàëîé ôóíêöèè, èìååì
4y
4x = f ′(x0) · 4x+ α(4x), ãäå α(4x)→ 0 ïðè 4x→ 0, ò.å.

4y = f ′(x0) · 4x+ α(4x) · f ′(x0) · 4x.
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Ïåðåõîäÿ ê ïðåäåëó ïðè 4x→ 0, ïîëó÷àåì

lim
4x→0

4y = 0.

À ýòî è îçíà÷àåò ïî îïðåäåëåíèþ 3 íåïðåðûâíîñòü ôóíêöèè y = f(x) â òî÷êå x0.

Îòìåòèì, ÷òî îáðàòíàÿ òåîðåìà íåâåðíà. Íåïðåðûâíàÿ ôóíêöèÿ ìîæåò íå èìåòü ïðî-

èçâîäíîé. Íàïðèìåð, y = |x| =

{
x, åñëè x ≥ 0

−x, åñëè x < 0
íåïðåðûâíà â òî÷êå x0 = 0, íî íåäèô-

ôåðåíöèðóåìà â íåé.
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Òàê êàê ñóùåñòâóþò îäíîñòîðîííèå ïðåäåëû ôóíêöèè y = |x| â òî÷êå x0 = 0:

lim
4x→0−0

4y
4x

= lim
4x→0−0

|x0 +4x| − |x0|
4x

= lim
4x→0−0

|0 +4x| − 0

4x
= lim
4x→0−0

|4x|
4x

=

lim
4x→0−0

−4x
4x

= −1 è

lim
4x→0+0

4y
4x

= lim
4x→0−0

|4x|
4x

= lim
4x→0−0

4x
4x

= 1,

òî ôóíêöèÿ èìååò îäíîñòîðîííèå ïðîèçâîäíûå. Åñëè îíè íåðàâíû â òî÷êå x0, òî ôóíêöèÿ

íå èìååò ïðîèçâîäíîé â ýòîé òî÷êå. Òàêæå íå ñóùåñòâóåò ïðîèçâîäíîé â òî÷êàõ ðàçðûâà

ôóíêöèè. Ïðîèçâîäíàÿ y′ = f ′(x) íåïðåðûâíîé ôóíêöèè y = f(x) ñàìà íåîáÿçàòåëüíî

ÿâëÿåòñÿ íåïðåðûâíîé.

Åñëè ôóíêöèÿ y = f(x) èìååò íåïðåðûâíóþ ïðîèçâîäíóþ y′ = f ′(x) â íåêîòîðîì èí-

òåðâàëå (a, b), òî ôóíêöèÿ íàçûâàåòñÿ ãëàäêîé.

2.1.5. Ïðàâèëà äèôôåðåíöèðîâàíèÿ

Ïóñòü ôóíêöèè u = u(x) è v = v(x) � äèôôåðåíööèðóåìûå â íåêîòîðîì èíòåðâàëå (a, b)

ôóíêöèè.

Òåîðåìà 1.

1. Ïðîèçâîäíàÿ ñóììû (ðàçíîñòè) äâóõ ôóíêöèé ðàâíà ñóììå (ðàçíîñòè) ïðîèçâîäíûõ

ýòèõ ôóíêöèé: (u± v)′ = u′ ± v′.
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2. Ïðîèçâîäíàÿ ïðîèçâåäåíèÿ äâóõ ôóíêöèé ðàâíà ïðîèçâåäåíèþ ïðîèçâîäíîé ïåðâîãî

ñîìíîæèòåëÿ íà âòîðîé ïëþñ ïðîèçâåäåíèå ïåðâîãî ñîìíîæèòåëÿ íà ïðîèçâîäíóþ

âòîðîãî: (u · v)′ = u′ · v + u · v′.

3. Ïðîèçâîäíàÿ ÷àñòíîãî äâóõ ôóíêöèé u(x)
v(x)

, åñëè v(x) 6= 0, ðàâíà äðîáè, ÷èñëèòåëü

êîòîðîé åñòü ðàçíîñòü ïðîèçâåäåíèé çíàìåíàòåëÿ äðîáè íà ïðîèçâîäíóþ ÷èñëèòåëÿ

è ÷èñëèòåëÿ äðîáè íà ïðîèçâîäíóþ çíàìåíàòåëÿ, à çíàìåíàòåëü åñòü êâàäðàò ïåðâî-

íà÷àëüíîãî çíàìåíàòåëÿ:
(
u
v

)′
= u′·v−u·v′

v2
, v 6= 0.

Äîêàçàòåëüñòâî.

1. Îáîçíà÷èì y = u± v. Ïî îïðåäåëåíèþ ïðîèçâîäíîé èìååì:

y′ = lim
4x→0

(u(x0 +4x)± v(x0 +4x))− (u(x0)± v(x0))

4x
=

= lim
4x→0

(
u(x0 +4x)− u(x0)

4x
± v(x0 +4x)− v(x0)

4x

)
=

Ïî òåîðåìå (î ïðåäåëå ñóììû (ðàçíîñòè) ôóíêöèé ìîæåì çàïèñàòü):

lim
4x→0

4u
4x
± lim
4x→0

4v
4x

= u′ ± v′.

2. Îáîçíà÷èì y = u · v. Ïî îïðåäåëåíèþ ïðîèçâîäíîé èìååì:

y′ = lim
4x→0

(u(x0 +4x) · v(x0 +4x))− (u(x0) · v(x0))

4x
=

= lim
4x→0

(u(x0) + u(x0 +4x)− u(x0) · (v(x0) + v(x0 +4x)− v(x0))− u(x0) · v(x0)

4x
=

= lim
4x→0

(u(x0) +4u) · (v(x0) +4v)− u(x0) · v(x0)

4x
=

= lim
4x→0

(u(x0) · v(x0) + u(x0) · 4v + v(x0) · 4u+4u · 4v − u(x0) · v(x0)

4x
=

= lim
4x→0

(
v(x0) ·

4u
4x

+ u(x0) ·
4v
4x

+4v · 4u
4x

)
=

= v(x0) · lim
4x→0

4u
4x

+ u(x0) · lim
4x→0

4v
4x

+ lim
4x→0

4v · lim
4x→0

4u
4x

Ïî òåîðåìå (î ïðåäåëå ñóììû (ðàçíîñòè) ôóíêöèé ìîæåì çàïèñàòü):

v(x0) · lim
4x→0

4u
4x

+ u(x0) · lim
4x→0

4u
4x

+ lim
4x→0

4v · lim
4x→0

4u
4x

=

Òàê êàê ôóíêöèè u = u(x) è v = v(x) äèôôåðåíööèðóåìû, òî îíè è íåïðåðûâíû,

ïîýòîìó 4v → 0 è 4u→ 0 ïðè 4x→ 0, ïîýòîìó èìååì:

= u′ · v + u · v′ + 0 · u′ = u′ · v + u · v′.
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3. Âûâîä àíàëîãè÷åí.

Ñëåäñòâèå. Ïîñòîÿííûé ìíîæèòåëü ìîæíî âûíîñèòü çà çíàê ïðîèçâîäíîé, ò.å. (c ·u)′ =

c · u′.

Òåîðåìà 2 (î ïðîèçâîäíîé ñëîæíîé ôóíêöèè).
Åñëè ôóíêöèÿ u = ϕ(x) èìååò ïðîèçâîäíóþ u′x â òî÷êå x, à ôóíêöèÿ y = f(u) èìååò

ïðîèçâîäíóþ y′u â òî÷êå u = ϕ(x), òî ñëîæíàÿ ôóíêöèÿ y = f(ϕ(x)) èìååò ïðîèçâîäíóþ y′x
â òî÷êå x, êîòîðàÿ íàõîäèòñÿ ïî ôîðìóëå: y′x = y′u · u′x.

Òåîðåìà 3 (î ïðîèçâîäíîé îáðàòíîé ôóíêöèè). Åñëè ôóíêöèÿ y = f(x) � ñòðîãî

ìîíîòîííà íà èíòåðâàëå (a, b) è èìååò íåðàâíóþ íóëþ ïðîèçâîäíóþ f ′(x) â ïðîèçâîëüíîé

òî÷êå ýòîãî èíòåðâàëà, òî îáðàòíàÿ åé ôóíêöèÿ x = ϕ(y) òàêæå èìååò ïðîèçâîäíóþ ϕ′(y)

â ñîîòâåòñòâóþùåé òî÷êå, îïðåäåëÿåìóþ ðàâåíñòâîì: ϕ′(y) = 1
f ′(x)

èëè x′y = 1
y′x
.

2.1.6. Ïðîèçâîäíûå îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé

Ïî îïðåäåëåíèþ ïðîèçâîäíîé ôóíêöèè â òî÷êå, íàéäåì ïðîèçâîäíûå íåêîòîðûõ îñíîâ-

íûõ ýëåìåíòàðíûõ ôóíêöèé.

1. Íàéòè ïðîèçâîäíóþ ïîñòîÿííîé ôóíêöèè y = C.

Çàìåòèì, D(f) = R. Âîçüìåì ïðîèçâîëüíóþ òî÷êó x0 ∈ D(f) è äàäèì ïðèðàùå-

íèå 4x, òîãäà (x0 + 4x) ∈ D(f). Íàéäåì ïðèðàùåíèå ôóíêöèè 4y = C − C = 0.

Ñëåäîâàòåëüíî,

lim
4x→0

C − C
4x

=
0

4x
= 0.

Ñ äðóãîé ñòîðîíû,

lim
4x→0

4y
4x

= f ′(x0).

Çíà÷èò, f ′(x0) = 0. Òàê êàê òî÷êó x0 âûáèðàëè ïðîèçâîëüíûì îáðàçîì, òî f ′(x) = 0.

Òàêèì îáðàçîì, C ′ = 0.

2. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = x.

Çàìåòèì, D(f) = R. Âîçüìåì ïðîèçâîëüíóþ òî÷êó x0 ∈ D(f) è äàäèì ïðèðàùåíèå

4x, òîãäà (x0 + 4x) ∈ D(f). Íàéäåì ïðèðàùåíèå ôóíêöèè 4y = (x0 + 4x) − x0.

Ñëåäîâàòåëüíî,

lim
4x→0

(x0 +4x)− x0
4x

= lim
4x→0

4x
4x

= 1.

Ñ äðóãîé ñòîðîíû,

lim
4x→0

4y
4x

= f ′(x0).

Çíà÷èò, f ′(x0) = 1. Òàê êàê òî÷êó x0 âûáèðàëè ïðîèçâîëüíûì îáðàçîì, òî f ′(x) = 1.

Òàêèì îáðàçîì, x′ = 1.
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3. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = x2. Çàìåòèì, D(f) = R. Âîçüìåì ïðîèçâîëüíóþ

òî÷êó x0 ∈ D(f) è äàäèì ïðèðàùåíèå 4x, òîãäà (x0 +4x) ∈ D(f). Íàéäåì ïðèðà-

ùåíèå ôóíêöèè 4y = (x0 +4x)2 − x20. Ñëåäîâàòåëüíî,

lim
4x→0

(x0 +4x)2 − x0
4x2

= lim
4x→0

x20 + 2x04x+ (4x)2 − x20
4x

=

= lim
4x→0

2x04x+ (4x)2

4x
= lim
4x→0

4x(2x0 +4x)

4x
= lim
4x→0

(2x0 +4x)

1
= 2x0.

Ñ äðóãîé ñòîðîíû,

lim
4x→0

4y
4x

= f ′(x0).

Çíà÷èò, f ′(x0) = 2x0. Òàê êàê òî÷êó x0 âûáèðàëè ïðîèçâîëüíûì îáðàçîì, òî f ′(x) =

= 2x.

Òàêèì îáðàçîì, (x2)′ = 2x.

4. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = ex.

Çàìåòèì, D(f) = R. Âîçüìåì ïðîèçâîëüíóþ òî÷êó x0 ∈ D(f) è äàäèì ïðèðàùåíèå

4x, òîãäà (x0 + 4x) ∈ D(f). Íàéäåì ïðèðàùåíèå ôóíêöèè 4y = e(x0+4x) − ex0 =

ex0 · e4x − ex0 = ex0(e4x − 1). Ñëåäîâàòåëüíî,

lim
4x→0

ex0(e4x − 1)− ex0
4x

=

[
0

0

]
= lim
4x→0

ex04x
4x

= lim
4x→0

ex0 = ex0 .

Ñ äðóãîé ñòîðîíû,

lim
4x→0

4y
4x

= f ′(x0).

Çíà÷èò, f ′(x0) = ex0 . Òàê êàê òî÷êó x0 âûáèðàëè ïðîèçâîëüíûì îáðàçîì, òî f ′(x) =

ex.

Òàêèì îáðàçîì, (ex)′ = ex.

5. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = cosx.

Çàìåòèì, D(f) = R. Âîçüìåì ïðîèçâîëüíóþ òî÷êó x0 ∈ D(f) è äàäèì ïðèðàùåíèå

4x, òîãäà (x0+4x) ∈ D(f). Íàéäåì ïðèðàùåíèå ôóíêöèè4y = f(x0+4x)−f(x0) =

cos(x0 +4x)− cos(x0).

Âîñïîëüçóåìñÿ ôîðìóëîé

cosα− cos β = −2 sin
α + β

2
sin

α− β
2

.

Â íàøåì ñëó÷àå 4y = −2 sin

(
2x0 +4x

2

)
sin

(
4x
2

)
.

Íàéäåì ïðåäåë îòíîøåíèÿ ïðèðàùåíèÿ ôóíêöèè ê ïðèðàùåíèþ àðãóìåòà.

lim
4x→0

−2 sin
(
2x0+4x

2

)
sin
(4x

2

)
4x

=

[
0

0

]
=

∣∣∣∣∣ ïðè 4x→ 0

sin
(4x

2

)
∼ 4x

2

∣∣∣∣∣ =
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= lim
4x→0

−2 sin
(
2x0+4x

2

) 4x
2

4x
= − lim

4x→0
sin

(
2x0 +4x

2

)
= − sinx0.

Ñ äðóãîé ñòîðîíû,

lim
4x→0

4y
4x

= f ′(x0).

Çíà÷èò, f ′(x0) = − sinx0. Òàê êàê òî÷êó x0 âûáèðàëè ïðîèçâîëüíûì îáðàçîì, òî

f ′(x) = = − sinx.

Òàêèì îáðàçîì, (cosx)′ = − sinx.

6. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = sinx.

Çàìåòèì, D(f) = R. Âîçüìåì ïðîèçâîëüíóþ òî÷êó x0 ∈ D(f) è äàäèì ïðèðàùåíèå

4x, òîãäà (x0+4x) ∈ D(f). Íàéäåì ïðèðàùåíèå ôóíêöèè4y = f(x0+4x)−f(x0) =

sin(x0 +4x)− sin(x0).

Âîñïîëüçóåìñÿ ôîðìóëîé

sinα− sin β = 2 sin
α− β

2
cos

α + β

2

Â íàøåì ñëó÷àå 4y = 2 sin

(
4x
2

)
cos

(
2x0 +4x

2

)
Íàéäåì ïðåäåë îòíîøåíèÿ ïðèðàùåíèÿ ôóíêöèè ê ïðèðàùåíèþ àðãóìåòà.

lim
4x→0

2 sin
(4x

2

)
cos
(
2x0+4x

2

)
4x

=

[
0

0

]
=

∣∣∣∣∣ ïðè 4x→ 0

sin
(4x

2

)
∼ 4x

2

∣∣∣∣∣ =

= lim
4x→0

4x
2

2 cos
(
2x0+4x

2

)
4x

= lim
4x→0

cos

(
2x0 +4x

2

)
= cos(x0).

Ñ äðóãîé ñòîðîíû,

lim
4x→0

4y
4x

= f ′(x0).

Çíà÷èò, f ′(x0) = cos(x0). Òàê êàê òî÷êó x0 âûáèðàëè ïðîèçâîëüíûì îáðàçîì, òî

f ′(x) = = cosx.

Òàêèì îáðàçîì, (sinx)′ = cosx.

7. Íàéòè ïðîèçâîäíûå ôóíêöèé y = tg x è y = tg x ìîæíî ñ ïîìîùüþ ïðàâèëà äèôôå-

ðåíöèðîâàíèÿ ÷àñòíîãî.

(tg x)′ =

(
sinx

cosx

)′
=

(sinx)′ cosx− (cosx)′ sinx

(cosx)2
=

cosx cosx+ sinx sinx

(cosx)2
=

=
(cosx)2 + (sinx)2

(cosx)2
=

1

cos2 x
.

Àíàëîãè÷íî,

(ctg x)′ =
(cosx

sinx

)′
=

(cosx)′ sinx− (sinx)′ cosx

(sinx)2
=
− sinx sinx− cosx cosx

(sinx)2
=
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=
−(sinx)2 − (cosx)2

(sinx)2
=
−1

sin2 x
.

Òàêèì îáðàçîì,

(tg x)′ =
1

cos2 x
, (ctg x)′ = − 1

sin2 x
.

8. Íàéäåì ïðîèçâîäíóþ ôóíêöèè y = arcsin x. Îáðàòíàÿ ôóíêöèÿ ê ôóíêöèè y =

arcsinx � ýòî ôóíêöèÿ x = sin y, ãäå y ∈
[−π

2
; π
2

]
.

x′y = (sin y)′ = cos y 6= 0, y ∈
(
−π
2

;
π

2

)
.

Ïî òåîðåìå î äèôôåðåíöèðîâàíèè îáðàòíîé ôóíêöèè èìååì:

y′x = (arcsinx)′ =
1

x′y
=

1

cos y

Âîñïîëüçóåìñÿ îñíîâíûì òðèãîíîìåòðè÷åñêèì òîæäåñòâîì:

sin2 y + cos2 y = 1⇒ cos y = ±
√

1− sin2 y

Òàê êàê

cos y > 0, y ∈
(
−π
2

;
π

2

)
⇒ cos y =

√
1− sin2 y.

Ñëåäîâàòåëüíî,
1

cos y
=

1√
1− sin2 y

=
1√

1− x2
.

Òàêèì îáðàçîì,

(arcsinx)′ =
1√

1− x2
.

Àíàëîãè÷íî, íàéäåì ïðîèçâîäíóþ ôóíêöèè y = arccosx. Îáðàòíàÿ ôóíêöèÿ ê ôóíê-

öèè y = arccosx � ýòî ôóíêöèÿ x = cos y, ãäå y ∈ [0; π].

x′y = (cos y)′ = − sin y 6= 0, y ∈ (0; π) .

Ïî òåîðåìå î äèôôåðåíöèðîâàíèè îáðàòíîé ôóíêöèè áóäåì èìåòü:

y′x = (arccosx)′ =
1

x′y
= − 1

sin y

Âîñïîëüçóåìñÿ îñíîâíûì òðèãîíîìåòðè÷åñêèì òîæäåñòâîì:

sin2 y + cos2 y = 1⇒ sin y = ±
√

1− cos2 y

Òàê êàê

sin y > 0, y ∈ (0; π)⇒ sin y =
√

1− cos2 y.

Ñëåäîâàòåëüíî,

− 1

sin y
= − 1√

1− cos2 y
= − 1√

1− x2
.

Òàêèì îáðàçîì,

(arccosx)′ = − 1√
1− x2

.
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Òàáëèöà ïðîèçâîäíûõ îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé

Ýëåìåíòàðíûå ôóíêöèè Ñëîæíûå ôóíêöèè

C ′ = 0

x′ = 1

(xα)′ = α · xα−1 (un)′ = α · uα−1 · u′

(
√
x)′ = 1

2·
√
x

(
√
u)′ = 1

2·
√
u
· u′

(ex)′ = ex (eu)′ = eu · u′

(ax)′ = ax · ln a, a > 0 (au)′ = au · ln a · u′

(lnx)′ = 1
x

(lnu)′ = 1
u
· u′

(loga x)′ = 1
x·ln a (loga u)′ = 1

u·ln a · u
′

(sinx)′ = cosx (sinu)′ = cosu · u′

(cosx)′ = − sinx (cosu)′ = − sinu · u′

(tg x)′ = 1
cos2 x

(tg u)′ = 1
cos2 u

· u′

(ctg x)′ = − 1
sin2 x

(ctg u)′ = − 1
sin2 u

· u′

(arcsinx)′ = 1√
1−x2 (arcsinu)′ = 1√

1−u2 · u
′

(arccosx)′ = − 1
sin2 x

(arccosu)′ = − 1
sin2 u

· u′

(arctg x)′ = 1
1+x2

(arctg u)′ = 1
1+u2
· u′

(arcctg x)′ = − 1
1+x2

(arcctg u)′ = − 1
1+u2
· u′

(shx)′ = chx (shu)′ = chu · u′

(chx)′ = shx (chu)′ = shu · u′

(thx)′ = 1
ch2 x

(thu)′ = 1
ch2 u
· u′

(cthx)′ = − 1
sh2 x

(cthu)′ = − 1
sh2 u
· u′

Ïðèìåðû.

1. (a) Íàéòè ïðîèçâîäíóþ ôóíêöèè y = lnx+ sinx.

y′ = (lnx+ sinx)′ =

âîñïîëüçóåìñÿ òåîðåìîé 1 î ïðîèçâîäíîé ñóììû (ðàçíîñòè) äâóõ ôóíêöèé, à

çàòåì òàáëèöåé ïðîèçâîäíûõ îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé, ïîëó÷èì:

= (lnx)′ + (sinx)′ =
1

x
+ cosx.

(b) Íàéòè ïðîèçâîäíóþ ôóíêöèè y = x3 − 4ex.

y′ = (x3 − 4ex)′ =

àíàëîãè÷íî, âîñïîëüçóåìñÿ òåîðåìîé 1 î ïðîèçâîäíîé ñóììû (ðàçíîñòè) äâóõ

ôóíêöèé, à çàòåì òàáëèöåé ïðîèçâîäíûõ îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé, ïî-

ëó÷èì:

(x3)′ − (4ex)′ = 3x2 − 4ex.
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2. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = 2x3 · sinx.

y′ = (2x3 · sinx)′ =

âîñïîëüçóåìñÿ òåîðåìîé 1 î ïðîèçâîäíîé ïðîèçâåäåíèÿ äâóõ ôóíêöèé, à çàòåì òàá-

ëèöåé ïðîèçâîäíûõ îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé, ïîëó÷èì:

2 · (x3 · sinx)′ = 2 · ((x3)′ · sinx+ x3 · (sinx)′) = 2 · (3x2 · sinx+ x3 · cosx).

3. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = 2x3

sinx
.

y′ =

(
2x3

sinx

)′
=

âîñïîëüçóåìñÿ òåîðåìîé 1 î ïðîèçâîäíîé ÷àñòíîãî äâóõ ôóíêöèé, à çàòåì òàáëèöåé

ïðîèçâîäíûõ îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé, ïîëó÷èì:

2 · (x3)′ · sinx− x3 · (sinx)′

(sinx)2
=

= 2 · 3x2 · sinx− x3 · cosx

(sinx)2
.

4. Íàéòè ïðîèçâîäíóþ ôóíêöèè y = 2sin(x2).

y′ = (2sin(x2))′ =

âîñïîëüçóåìñÿ òåîðåìîé 2 î ïðîèçâîäíîé ñëîæíîé ôóíêöèè, à çàòåì òàáëèöåé ïðî-

èçâîäíûõ îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé, ïîëó÷èì:

2sin(x2) · ln 2 · (sin(x2))′ · (x2)′ = 2sin(x2) · ln 2 · cos(x2) · 2x.

2.1.7. Ïðîèçâîäíàÿ íåÿâíî çàäàííîé ôóíêöèè

Ôóíêöèÿ, çàäàííàÿ â âèäå óðàâíåíèÿ F (x, y) = 0, êîòîðîå íåâîçìîæíî ðàçðåøèòü

îòíîñèòåëüíî ïåðåìåííîé y, íàçûâàåòñÿ íåÿâíî çàäàííîé.
Íàïðèìåð, y + cos(x · y) = 2x+ y4 èëè 3x+y − 2y = 0.

Åñëè ôóíêöèÿ çàäàíà ÿâíî, ò.å. y = f(x), òî åå ìîæíî çàïèñàòü â íåÿâíîì âèäå f(x)−
y = 0.

Óòâåðæäåíèå. Åñëè ôóíêöèÿ çàäàíà â íåÿâíîì âèäå F (x, y) = 0, òî äëÿ íàõîæäåíèÿ

ïðîèçâîäíîé îò ôóíêöèè y ïî ïåðåìåííîé x äîñòàòî÷íî ïðîäèôôåðåíöèðîâàòü ýòî óðàâ-

íåíèå ïî ïåðåìåííîé x, ðàññìàòðèâàÿ ïðè ýòîì y êàê ôóíêöèþ îò ïåðåìåííîé x, çàòåì

ïîëó÷åííîå óðàâíåíèå ðàçðåøèòü îòíîñèòåëüíî y′.

Ïðèìåðû. Ïðîäèôôåðåíöèðîâàòü ñëåäóþùèå ôóíêöèè:
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1.

x2 + 2y2 − 5xy2 = 0

èìååì:

2x+ 4yy′ − 5(y2 + x · 2y · y′) = 0, ñëåäîâàòåëüíî, y′ · (4y − 10 · y · x) = 5 · y2 − 2x

îòêóäà

y′ =
5 · y2 − 2x

4y − 10 · y · x
.

2.

y + cos(x · y) = 2x+ y4

èìååì:

y′ − sin(x · y) · (y + xy′) = 2 + 4y3 · y′.

Ñãðóïïèðóåì âñå ñëàãàåìûå, ñîäåðæàùèå y′, ïîëó÷èì:

y′ − sin(x · y) · y − sin(x · y) · xy′ = 2 + 4y3 · y′.

y′− sin(x ·y) ·xy′−4y3 ·y′ = sin(x ·y) ·y+ 2⇒ y′(1− sin(x ·y) ·x−4y3) = sin(x ·y) ·y+ 2

y′ =
sin(x · y) · y + 2

1− sin(x · y) · x− 4y3
.

3.

3x+y − 2y = 0

èìååì:

3x+y ln 3 · (1 + y′)− 2y′ = 0.

3x+y ln 3 + 3x+y ln 3 · y′ − 2y′ = 0⇒ y′(3x+y ln 3− 2) = −3x+y ln 3⇒ y′ = − 3x+y ln 3

3x+y ln 3− 2
.

2.1.8. Ïðîèçâîäíàÿ ïàðàìåòðè÷åñêè çàäàííîé ôóíêöèè

Ôóíêöèÿ, çàäàííàÿ â âèäå äâóõ óðàâíåíèé:{
x = x(t)

y = y(t)
, (1)

ãäå t � âñïîìîãàòåëüíàÿ ïåðåìåííàÿ, íàçûâàåòñÿ ïàðàìåòðè÷åñêè çàäàííîé.
Âû÷èñëèì åå ïðîèçâîäíóþ y′x. Âû÷èñëèì y′x, ñ÷èòàÿ, ÷òî x = x(t) èìååò îáðàòíóþ

ôóíêöèþ t = ϕ(x). Ïî ïðàâèëó äèôôåðåíöèðîâàíèÿ îáðàòíîé ôóíêöèè t′x = 1
x′t
. Ôóíêöèþ

y = f(x), îïðåäåëÿåìóþ ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè ìîæíî ðàññìàòðèâàòü êàê ñëîæ-

íóþ ôóíêöèþ y = y(t), ãäå t = ϕ(x). Òîãäà ïî òåîðåìå î äèôôåðåíöèðîâàíèè ñëîæíîé

ôóíêöèè èìååì: y′x = y′t · t′x. Òàêèì îáðàçîì, ïîëó÷àåì:

y′x = y′t ·
1

x′t
, òî åñòü y′x =

y′t
x′t
.
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Ïðèìåð. Ïðîäèôôåðåíöèðîâàòü ôóíêöèþ:{
x = ln(1 + t2)

y = t2

Íàõîäèì:

x′t =
1

1 + t2
· 2t, y′t = 2t.

Òàêèì îáðàçîì, ïîëó÷àåì

y′x =
2t

1
1+t2
· 2t

= 1 + t2.

2.1.9. Ïðîèçâîäíûå âûñøèõ ïîðÿäêîâ

1. Ïðîèçâîäíàÿ y′ = f ′(x) îò ôóíêöèè y = f(x) � åñòü ôóíêöèÿ îò ïåðåìåííîé x è

íàçûâàåòñÿ ïðîèçâîäíîé ïåðâîãî ïîðÿäêà.

Åñëè f ′(x) äèôôåðåíöèðóåìà, òî åå ïðîèçâîäíàÿ íàçûâàåòñÿ ïðîèçâîäíîé âòîðîãî
ïîðÿäêà è îáîçíà÷àåòñÿ y′′ = f ′′(x) = (y′)′. Ïðîèçâîäíàÿ îò ïðîèçâîäíîé âòîðîãî

ïîðÿäêà, åñëè îíà ñóùåñòâóåò, íàçûâàåòñÿ ïðîèçâîäíîé òðåòüåãî ïîðÿäêà: y′′′ =

(y′′)′.

Ïðîèçâîäíîé n -ãî ïîðÿäêà íàçûâàåòñÿ ïðîèçâîäíàÿ îò ïðîèçâîäíîé (n− 1) -ãî

ïîðÿäêà: y(n) = (y(n−1))′. Ïðîèçâîäíûå ïîðÿäêà âûøå ïåðâîãî íàçûâàþòñÿ ïðîèç-
âîäíûìè âûñøèõ ïîðÿäêîâ.

Ïðèìåð. Âû÷èñëèòü y′′(x) îò ôóíêöèè y = sin(2x3). Èìååì: y′ = cos(2x3) · (6x2),
y′′ = (cos(2x3) · (6x2))′ = − sin(2x3) · (6x2) · (6x2) + cos(2x3) · 12x.

2. Ïóñòü ôóíêöèÿ çàäàíà íåÿâíî óðàâíåíèåì F (x, y) = 0. Ïðîäèôôåðåíöèðóåì åãî ïî

ïåðåìåííîé x è âûðàçèì y′, ïîëó÷èì ïåðâóþ ïðîèçâîäíóþ. Çàòåì ïðîäèôôåðåíöè-

ðóåì åå âòîðîé ðàç è ïîäñòàâèì âûðàæåíèÿ äëÿ y, y′ â ïîëó÷åííîå ðàâåíñòâî, â èòîãå

ïîëó÷èì âòîðóþ ïðîèçâîäíóþ, êîòîðàÿ áóäåò çàâèñèòü òîëüêî îò ïåðåìåííûõ x è y.

Àíàëîãè÷íî ìîæíî íàéòè y′′′ è ò.ä. Íàïðèìåð, ðàññìîòðèì ôóíêöèþ: x2 + y2 = 1.

Ïðîäèôôåðåíöèðóåì ôóíêöèþ ïåðâûé ðàç, ïîëó÷èì:

2x+ 2y · y′ = 0, îòêóäà y′ =
−2x

2y
= −x

y
.

Íàéäåì âòîðóþ ïðîèçâîäíóþ:

y′′ = −y − x · y
′

y2
= −

y − x · (−x
y
)

y2
= −y

2 + x2

y3
.

3. Ïóñòü ôóíêöèÿ çàäàíà ïàðàìåòðè÷åñêè{
x = x(t)

y = y(t)
.

Òîãäà åå ïåðâàÿ ïðîèçâîäíàÿ ìîæåò áûòü íàéäåíà ïî ôîðìóëå y′x =
y′t
x′t
.
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Èç îïðåäåëåíèÿ âòîðîé ïðîèçâîäíîé áóäåì èìåòü:

y′′xx = (y′x)
′
t · t′x =

(y′x)
′
t

x′t
.

Òàêèì îáðàçîì,

y′′xx =
(y′x)

′
t

x′t
.

Àíàëîãè÷íî ïîëó÷àåì:

y′′′xxx =
(y′′xx)

′
t

x′t
.

Ïðèìåð. Ïðîäèôôåðåíöèðîâàòü äâàæäû ôóíêöèþ:{
x = ln(1 + t2)

y = t2

Íàõîäèì:

x′t =
1

1 + t2
· 2t, y′t = 2t.

Òàêèì îáðàçîì, ïîëó÷àåì

y′x =
2t

1
1+t2
· 2t

= 1 + t2.

Òîãäà

y′′xx =
(2t)′

1
1+t2
· 2t

=
2

1
1+t2
· 2t

=
1 + t2

t
.

2.1.10. Ëîãàðèôìè÷åñêîå äèôôåðåíöèðîâàíèå

Â ðÿäå ñëó÷àåâ ïðåæäå ÷åì ôóíêöèþ ïðîäèôôåðåíöèðîâàòü, íåîáõîäèìî åå ïðîëàãà-

ðèôìèðîâàòü. Òàêàÿ îïåðàöèÿ íàçûâàåòñÿ ëîãàðèôìè÷åñêèì äèôôåðåíöèðîâàíèåì.

Åå èñïîëüçóþò â ñëó÷àå, êîãäà ôóíêöèÿ ïðåäñòàâëÿåò ñîáîé ïðîèçâåäåíèå è ÷àñòíîå

íåñêîëüêèõ ôóíêöèé, à òàêæå â ñëó÷àå, êîãäà ôóíêöèÿ ÿâëÿåòñÿ ïîêàçàòåëüíî-ñòåïåííîé.

Ðàññìîòðèì íà ïðèìåðàõ ïðèìåíåíèå ëîãàðèôìè÷åñêîãî äèôôåðåíöèðîâàíèÿ.

1. Íàéòè ïðîèçâîäíóþ ôóíêöèè

y =
(x2 + 4x) · (x5 − 2)

3
√
x− 2

.

Äëÿ äèôôåðåíöèðîâàíèÿ äàííîé ôóíêöèè íåîáõîäèìî âîñïîëüçîâàòüñÿ òåîðåìîé î

äèôôåðåíöèðîâàíèè ïðîèçâåäåíèÿ è ÷àñòíîãî, à ìîæíî íàéòè ïðîèçâîäíóþ ñ ïî-

ìîùüþ ëîãàðèôìè÷åñêîãî äèôôåðåíöèðîâàíèÿ. Äëÿ ýòîãî âíà÷àëå ëîãàðèôìèðóåì

ôóíêöèþ:

ln y = ln
(x2 + 4x) · (x5 − 2)

3
√
x− 2

.

Âîñïîëüçóåìñÿ ñâîéñòâàìè ëîãàðèôìà:

ln y = ln(x2 + 4x) + ln(x5 − 2)− ln( 3
√
x− 2).
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Äèôôåðåíöèðóåì ëåâóþ è ïðàâóþ ÷àñòü, ïîëó÷àåì:

1

y
· y′ = 2x+ 4

(x2 + 4x)
+

5x4

(x5 − 2)
−

1
3
(x− 2)−

2
3

( 3
√
x− 2)

.

Îòêóäà âûðàæàåì y′ è ïîëó÷àåì:

y′ = y · 2x+ 4

(x2 + 4x)
+

5x4

(x5 − 2)
−

1
3
(x− 2)−

2
3

( 3
√
x− 2)

y′ =
(x2 + 4x) · (x5 − 2)

3
√
x− 2

·
(

2x+ 4

(x2 + 4x)
+

5x4

(x5 − 2)
− 1

3(x− 2)

)
.

2. Íàéòè ïðîèçâîäíóþ ñòåïåííî-ïîêàçàòåëüíîé ôóíêöèè

y = (3x)cosx.

Èòàê, âíà÷àëå ëîãàðèôìèðóåì ôóíêöèþ:

ln y = ln((3x)cosx)

Âîñïîëüçóåìñÿ ñâîéñòâàìè ëîãàðèôìà:

ln y = cosx · ln(3x).

Äèôôåðåíöèðóåì ëåâóþ è ïðàâóþ ÷àñòü, ïîëó÷àåì:

1

y
· y′ = (cosx)′ · ln(3x) + cos x · (ln 3x)′

1

y
· y′ = − sinx · ln(3x) + cos x · 3

3x

1

y
· y′ = − sinx · ln(3x) + cos x · 1

x

Îòêóäà âûðàæàåì y′ è ïîëó÷àåì:

y′ = y ·
(
− sinx · ln(3x) + cos x · 1

x

)
y′ = (3x)cosx ·

(
− sinx · ln(3x) + cos x · 1

x

)
.

2.2. Äèôôåðåíöèàë ôóíêöèè

2.2.1. Ïîíÿòèå äèôôåðåíöèàëà ôóíêöèè â òî÷êå

Ïóñòü ôóíêöèÿ y = f(x) äèôôåðåíöèðóåìà â òî÷êå x0, ò.å. ñóùåñòâóåò ïðåäåë:

lim
4x→0

4y
4x

= f ′(x0) 6= 0.
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Òîãäà ïî òåîðåìå î ñâÿçè ôóíêöèè, åå ïðåäåëà è áåñêîíå÷íî ìàëîé ôóíêöèè, èìååì:

4y
4x

= f ′(x0) + α(4x), ãäå α(4x)→ 0 ïðè 4x→ 0.

Óìíîæèì íà 4x îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà:

4y = f ′(x0) · 4x+ α(4x) · 4x. (1)

Èòàê, ïðèðàùåíèå ôóíêöèè ïðåäñòàâëÿåò ñîáîé ñóììó äâóõ ñëàãàåìûõ, ÿâëÿþùèõñÿ

áåñêîíå÷íî ìàëûìè ïðè 4x → 0. Ïðè ýòîì ïåðâîå ñëàãàåìîå åñòü á.ì.ô. îäíîãî ïîðÿäêà

ñ 4x, à âòîðîå ñëàãàåìîå åñòü á.ì.ô. áîëåå âûñîêîãî ïîðÿäêà ìàëîñòè, ÷åì 4x. Ïîýòî-
ìó ïåðâîå ñëàãàåìîå f ′(x0) · 4x â ðàâåíñòâå (1) íàçûâàþò ãëàâíîé ÷àñòüþ ïðèðàùåíèÿ

ôóíêöèè 4y.
Äèôôåðåíöèàëîì ôóíêöèè y = f(x) â òî÷êå x0 íàçûâàåòñÿ ãëàâíàÿ ÷àñòü åå ïðèðà-

ùåíèÿ, ðàâíàÿ ïðîèçâåäåíèþ ïðîèçâîäíîé ôóíêöèè íà ïðèðàùåíèå àðãóìåíòà. Îáîçíà-

÷àåòñÿ äèôôåðåíöèàë: df(x0).

Òàêèì îáðàçîì,

df(x0) = f ′(x0) · 4x. (2)

Òàêèì îáðàçîì, äèôôåðåíöèàë ôóíêöèè y = f(x) ìîæíî íàéòè ïî ôîðìóëå:

dy = y′ · 4x (3)

Î÷åâèäíî, ÷òî 4x = dx. Äåéñòâèòåëüíî, äëÿ ôóíêöèè y = x ïî ôîðìóëå (3) ïîëó÷àåì:

dx = x′ · 4x, x′ = 1⇒ dx = 4x.

Ñëåäîâàòåëüíî, ôîðìóëà (3) ìîæåò áûòü çàïèñàíà â ôîðìå (4).

dy = y′ · dx (4)

Ôîðìóëà (4) äàåò ñïîñîá íàõîæäåíèÿ äèôôåðåíöèàëà ôóíêöèè y = f(x).

Ïðèìåð. Íàéòè äèôôåðåíöèàë ôóíêöèè y = 5 sin x3.

Ïðèìåíÿÿ ñîîòâåòñòâóþùèå ôîðìóëû, áóäåì èìåòü :

y′ = (5 sin x3)′ = 5 cos x3 · 3x2 = 15 cos x3 · x2.

dy = 15x2 · cosx3 · dx.

Âûÿñíèì ãåîìåòðè÷åñêèé ñìûñë äèôôåðåíöèàëà ôóíêöèè â òî÷êå.
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Èç ïðÿìîóãîëüíîãî òðåóãîëüíèêà ïîëó÷àåì:

4M0HN, ∠H =
π

2
, tgα =

NH

M0H
⇒ NH = M0H · tgα

M0H = 4x, tgα = f ′(x0)⇒

NH = f ′(x0) · 4x (5)

df(x0) = f ′(x0) · 4x.

Ñðàâíèâàÿ ïðàâûå ÷àñòè ðàâåíñòâ (2) è (5), ïîëó÷àåì, ÷òî NH = df(x0).

Òàêèì îáðàçîì, äèôôåðåíöèàë ôóíêöèè y = f(x) â òî÷êå x0 ðàâåí ïðèðàùåíèþ
îðäèíàòû êàñàòåëüíîé ïîñëå òîãî, êàê àðãóìåíò x0 ïîëó÷èë ïðèðàùåíèå 4x. Â ýòîì

è ñîñòîèò ãîìåòðè÷åñêèé ñìûñë äèôôåðåíöèàëà ôóíêöèè â òî÷êå.

2.2.2. Ïðèìåíåíèå äèôôåðåíöèàëà ê ïðèáëèæåííûì âû÷èñëåíèÿì

Âûøå íàìè áûëî ïîëó÷åíî ñëåäóþùåå ðàâåíñòâî

4y = f ′(x) · 4x+ α(4x) · 4x,

ãäå α(4x)→ 0 ïðè 4x→ 0. Ýòî ðàâåíñòâî ìîæíî çàïèñàòü â âèäå

4y = dy + α(4x) · 4x.

Îòáðîñèì á.ì.ô. α(4x) · 4x, ïîëó÷èì ïðèáëèæåííîå ðàâåíñòâî 4y ≈ dy. Óêàçàííîå ðà-

âåíñòâî òåì òî÷íåå, ÷åì ìåíüøå âåëè÷èíà 4x.

f(x0 +4x)− f(x0) ≈ f ′(x0) · 4x.

f(x0 +4x) ≈ f(x0) + f ′(x0) · 4x.

Ïðèìåð. Âû÷èñëèòü ïðèáëèçèòåëüíî arctg 1, 05.
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Ðåøåíèå.

Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè ïðèìåíèì ôîðìóëó, óêàçàííóþ âûøå:

y = arctg x òîãäà arctg(x0 +4x) ≈ arctg x0 + (arctg x)′(x0) · 4x

arctg(x0 +4x) ≈ arctg x0 +
4x

1 + x20
.

Òàê êàê x0 +4x = 1, 05, òî ïðè x0 = 1 è 4x = 0, 05, ïîëó÷àåì:

arctg(1, 05) ≈ arctg 1 +
0, 05

1 + 12
≈ π

4
+

0, 05

2
≈ π

4
+ 0, 025

arctg(1, 05) ≈ 0, 810.

2.2.3. Äèôôåðåíöèàë ñëîæíîé ôóíêöèè

Ïóñòü y = f(u), u = ϕ(x). Òîãäà f(ϕ(x)) � ñëîæíàÿ ôóíêöèÿ.

Ïî òåîðåìå 2(î ïðîèçâîäíîé ñëîæíîé ôóíêöèè) èìååì

y′x = y′u · u′x.

Íàéäåì äèôôåðåíöèàë ñëîæíîé ôóíêöèè:

dy = y′ · dx = y′u · u′x · dx︸ ︷︷ ︸ = y′u · du.

Çàìåòèì, ÷òî du = u′x · dx.

Èòàê, ÷òî ôîðìà äèôôåðåíöèàëà ñëîæíîé ôóíêöèè íè÷åì íå îòëè÷àåòñÿ îò ôîðìû

äèôôåðåíöèàëà ôóíêöèè, íå ÿâëÿþùåéñÿ ñëîæíîé. Ýòî ñâîéñòâî äèôôåðåíöèàëà ñîõðà-

íÿòü ôîðìó íàçûâàåòñÿ èíâàðèàíòíîñòüþ ôîðìû ïåðâîãî äèôååðåíöèàëà.

2.2.4. Îñíîâíûå òåîðåìû î ñâîéñòâàõ äèôôåðåíöèàëà. Äèôôåðåíöèàëû
âûñøèõ ïîðÿäêîâ

Òåîðåìà 1.

1.

d(u+ v) = du+ dv;

2.

d(uv) = v · du+ u · dv;

3.

d
(u
v

)
=
vdu− udv

v2
.
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Òåîðåìà 2.
Äèôôåðåíöèàë ñëîæíîé ôóíêöèè y(u(x)) ðàâåí ïðîèçâîäíîé ýòîé ôóíêöèè ïî ïðîìå-

æóòî÷íîìó àðãóìåíòó íà äèôôåðåíöèàë ýòîãî ïðîìåæóòî÷íîãî àðãóìåíòà.

d(y(u)) = y′u · du.

Äèôôåðåíöèàëîì n-ãî ïîðÿäêà dny ôóíêöèè y = f(x) íàçûâàåòñÿ äèôôåðåíöèàë îò

äèôôåðåíöèàëà n− 1 � ïîðÿäêà ýòîé ôóíêöèè, òî åñòü

dny = d(dn−1y).

Ðàñïèøåì ïîäðîáíî äëÿ ôóíêöèè y = f(x) :

dy = f ′(x)dx

d2y = d(dy) = d(f ′(x)dx)

d2y = d(f ′(x)dx) = dx · d(f ′(x)) = dx · f ′′(x)dx = f ′′(x)dx2.

Îáîáùàÿ ïîëó÷åííûå ôîðìóëû, èìååì ôîðìóëó äëÿ äèôôåðåíöèàëà n-ãî ïîðÿäêà:

dny = f (n)(x)dxn.

2.3. Îñíîâíûå òåîðåìû î äèôôåðåíöèðóåìûõ ôóíêöèÿõ

Òåîðåìà 1 (Ðîëëÿ). Ïóñòü ôóíêöèÿ y = f(x) íåïðåðûâíà íà [a, b], äèôôåðåíöèðóåìà íà

(a, b) è íà êîíöàõ îòðåçêà ïðèíèìàåò îäèíàêîâûå çíà÷åíèÿ f(a) = f(b). Òîãäà ñóùåñòâóåò

õîòÿ áû îäíà òî÷êà c ∈ (a, b), â êîòîðîé ïðîèçâîäíàÿ f ′(c) = 0.

q
O

qf(a) = f(b)

-

6

x

y

y = f(x)

pppppppppppppppq
a

ppppppppppppppppppppppppppppq
c1

ppppq
c2

pppppppppppppppq
b

ðèñ.1Ãåîìåòðè÷åñêè òåîðåìà îçíà÷àåò, ÷òî íà ãðàôèêå ôóíêöèè y = f(x) íàéäåòñÿ òî÷êà, â

êîòîðîé êàñàòåëüíàÿ ê ãðàôèêó ïàðàëëåëüíà îñè Ox.

Òåîðåìà 2 (Êîøè). Ïóñòü ôóíêöèè y = f(x) è y = g(x) íåïðåðûâíû íà [a, b], äèôôå-

ðåíöèðóåìû íà (a, b), ïðè÷åì g′(x) 6= 0 äëÿ x ∈ (a, b). Òîãäà íàéäåòñÿ õîòÿ áû îäíà òî÷êà
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c ∈ (a, b) òàêàÿ, ÷òî âûïîëíÿåòñÿ ðàâåíñòâî:

f(b)− f(a)

g(b)− g(a)
=
f ′(c)

g′(c)
.

×àñòíûì ñëó÷àåì òåîðåìû Êîøè ÿâëÿåòñÿ òåîðåìà Ëàãðàíæà.

Òåîðåìà 3 (Ëàãðàíæà). Ïóñòü ôóíêöèÿ y = f(x) íåïðåðûâíà íà [a, b], äèôôåðåí-

öèðóåìà íà (a, b). Òîãäà íàéäåòñÿ õîòÿ áû îäíà òî÷êà c ∈ (a, b) òàêàÿ, ÷òî âûïîëíÿåòñÿ

ðàâåíñòâî

f(b)− f(a) = f ′(c) · (b− a).

Çàïèøåì ïîñëåäíåå ðàâåíñòâî â âèäå:

f(b)− f(a)

b− a
= f ′(c).

Çäåñü âåëè÷èíà f(b)−f(a)
b−a � óãëîâîé êîýôôèöèåíò ñåêóùåé, à f ′(c) � óãëîâîé êîýôôèöèåíò

êàñàòåëüíîé ê êðèâîé â òî÷êå C àáñöèññîé x = c (ñì. ðèñ. íèæå).

q
O

-

6

x

y
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A

αqpppppppppppq
a

qCppppppppppppppppppppppppppppq
c

f(a) q p p p p p p p p p p p p p p p p p p p p p p p p p p p p p

a

B

f(a)

f(b)

q Hp

q p p p p p p p p p p p p p p p p p p p p p p p p p p p p p pqppppppppppppppppppppppppq
b

Èç ïðÿìîóãîëüíîãî òðåóãîëüíèêà 4AHB, â êîòîðîì ∠H = π
2
ïîëó÷àåì:

tgα =
BH

AH
=
f(b)− f(a)

b− a
.

Ñëåäîâàòåëüíî, ãåîìåòðè÷åñêèé ñìûñë òåîðåìû Ëàãðàíæà ñîñòîèò â ñëåäóþùåì: íà

ãðàôèêå ôóíêöèè y = f(x) íàéäåòñÿ òî÷êà C(c; f(c)), â êîòîðîé êàñàòåëüíàÿ ê ãðàôèêó

ôóíêöèè ïàðàëëåëüíà ñåêóùåé AB.

Ñëåäñòâèå 1.Åñëè ïðîèçâîäíàÿ ôóíêöèè ðàâíà íóëþ íà íåêîòîðîì ïðîìåæóòêå, òî

ôóíêöèÿ ïîñòîÿííà íà ýòîì ïðîìåæóòêå. Äåéñòâèòåëüíî, ïðåäïîëîæèì, ÷òî f ′(x) = 0 äëÿ

ëþáîãî x ∈ (a, b). Âîçüìåì ïðîèçâîëüíûå òî÷êè x1, x2 ∈ (a, b) è ïóñòü x1 < x2. Òîãäà ïî

òåîðåìå Ëàãðàíæà ñóùåñòâóåò òî÷êà c ∈ (x1, x2) òàêàÿ, ÷òî f(x2)− f(x1) = f ′(c)(x2 − x1).
Íî ïî óñëîâèþ f ′(x) = 0, à ýòî îçíà÷àåò, ÷òî f ′(c) = 0, ãäå x1 < c < x2. Ïîýòîìó èìååì

f(x2)−f(x1) = 0, ò.å. f(x2) = f(x1). À òàê êàê x1 è x2 � ïðîèçâîëüíûå òî÷êè èç èíòåðâàëà

(a, b), èìååì f(x) = c.
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Ñëåäñòâèå 2. Åñëè äâå ôóíêöèè èìåþò ðàâíûå ïðîèçâîäíûå íà íåêîòîðîì ïðîìåæóòêå,

òî îíè îòëè÷àþòñÿ äðóã îò äðóãà íà ïîñòîÿííîå ñëàãàåìîå.

Äåéñòâèòåëüíî, ïóñòü f ′1(x) = f ′2(x) ïðè x ∈ (a, b). Òîãäà (f1(x) − f2(x))′ = f ′1(x) −
f ′2(x) = 0. Ñëåäîâàòåëüíî, ïî ñëåäñòâèþ 1, ôóíêöèÿ f1(x) − f2(x) åñòü ïîñòîÿííàÿ, ò.å.

f1(x)− f2(x) = C äëÿ ëþáîãî x ∈ (a, b).

Òåîðåìà 4 (Ïðàâèëî Ëîïèòàëÿ ðàñêðûòèÿ íåîïðåäåëåííîñòè
[
0
0

]
). Ïóñòü ôóíê-

öèè f(x) è ϕ(x) íåïðåðûâíû è äèôôåðåíöèðóåìû â îêðåñòíîñòè òî÷êè x0 è îáðàùàþòñÿ

â íóëü â ýòîé òî÷êå, ò.å. f(x0) = ϕ(x0 = 0. Ïóñòü ϕ′(x) 6= 0 â îêðåñòíîñòè òî÷êè x0.

Òîãäà åñëè ñóùåñòâóåò ïðåäåë lim
x→x0

f ′(x)

ϕ′(x)
= l, òî lim

x→x0

f(x)

ϕ(x)
= lim

x→x0

f ′(x)

ϕ′(x)
= l.

Ïðèìåðû.

1. Íàéäèòå çíà÷åíèå ïðåäåëà:

lim
x→0

ln(cosx)

x
.

Ðåøåíèå.

lim
x→0

ln(cosx)

x
=

[
ln(cos 0)

0

]
=

[
ln(1)

0

]
=

[
0

0

]
Òàê êàê íåîïðåäåëåííîñòü âèäà

[
0
0

]
, òî ïðèìåíèì ïðàâèëî Ëîïèòàëÿ, äëÿ ýòîãî íàé-

äåì ïðîèçâîäíóþ ôóíêöèè, ñòîÿùåé â ÷èñëèòåëå, è ïðîèçâîäíóþ ôóíêöèè, ñòîÿùåé

â çíàìåíàòåëå äðîáè.

(ln(cosx))′ =
− sinx

cosx
, x′ = 1

lim
x→0

ln(cosx)

x
= lim

x→0

− sinx
cosx

1
= − lim

x→0
− sinx

cosx
= 0.

2. Íàéäèòå çíà÷åíèå ïðåäåëà:

lim
x→0

tg x+ 2 sinx− 3x

x5

Ðåøåíèå.

lim
x→0

tg x+ 2 sinx− 3x

x5
=

[
tg 0 + 2 sin 0− 3 · 0

05

]
=

[
0

0

]
.

Ïðèìåíèì ïðàâèëî Ëîïèòàëÿ, äëÿ ýòîãî íàéäåì ïðîèçâîäíóþ ôóíêöèè, ñòîÿùåé â

÷èñëèòåëå, è ïðîèçâîäíóþ ôóíêöèè, ñòîÿùåé â çíàìåíàòåëå äðîáè.

(tg x+ 2 sinx− 3x)′ =
1

cos2 x
+ 2 cosx− 3 è (x5)′ = 5x4.

È íàéäåì ïðåäåë èõ îòíîøåíèÿ ïðè x→ 0:

lim
x→0

1
cos2 x

+ 2 cosx− 3

5x4
=

[
1 + 2− 3

0

]
=

[
0

0

]
.
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Åùå ðàç ïðèìåíèì ïðàâèëî Ëîïèòàëÿ:(
1

cos2 x
+ 2 cosx− 3

)′
=

2 sinx

cos3 x
− 2 sinx, (5x4)′ = 20x3.

Ïîëó÷àåì

lim
x→0

2 sinx
cos3 x

− 2 sinx

20x3
= lim

x→0

2 sinx
(

1
cos3 x

− 1
)

20x3
=

1

10
lim
x→0

sinx

x

(
1

cos3 x
− 1
)

x2

Ïî ïåðâîìó çàìå÷àòåëüíîìó ïðåäåëó lim
x→0

sinx

x
= 1, ïîýòîìó îñòàåòñÿ

lim
x→0

1

10

(
1

cos3 x
− 1
)

x2
=

[
0

0

]
= åùå ðàç äèôôåðåíöèðóåì ÷èñëèòåëü è çíàìåíàòåëü

=
1

10
lim
x→0

3 sinx
cos4 x

2x

3

20
lim
x→0

sinx

x

1

cos4 x
ïðèìåíÿÿ ïåðâûé çàìå÷àòåëüíûé ïðåäåë, ïîëó÷àåì

3

20
lim
x→0

1

cos4 x
=

3

20
.

Òåîðåìà 5 (Ïðàâèëî Ëîïèòàëÿ ðàñêðûòèÿ íåîïðåäåëåííîñòè
[∞
∞

]
).Ïóñòü ôóíê-

öèè f(x) è ϕ(x) íåïðåðûâíû è äèôôåðåíöèðóåìû â îêðåñòíîñòè òî÷êè x0 (êðîìå ìîæåò

áûòü ñàìîé òî÷êè) è ïóñòü â ýòîé îêðåñòíîñòè

lim
x→x0

f(x) = lim
x→x0

ϕ(x) =∞, ϕ′(x) 6= 0.

Åñëè ñóùåñòâóåò ïðåäåë lim
x→x0

f ′(x)

ϕ′(x)
, òî lim

x→x0

f(x)

ϕ(x)
= lim

x→x0

f ′(x)

ϕ′(x)
.

Ïðèìåðû.

1. Íàéäèòå ïðåäåë:

lim
x→+∞

lnx

x
.

Ðåøåíèå.

lim
x→+∞

lnx

x
=
[∞
∞

]
= lim

x→+∞

1
x

1
= lim

x→+∞

1

x
= 0.

2. Íàéäèòå ïðåäåë:

lim
x→+∞

(5x3 + 6x2 + 2)e−2x

Ðåøåíèå.

lim
x→+∞

(5x3 + 6x2 + 2)e−2x = lim
x→+∞

5x3 + 6x2 + 2

e2x
=
[∞
∞

]
=

lim
x→+∞

(5x3 + 6x2 + 2)′

(e2x)′
= lim

x→+∞

15x2 + 12x

2e2x
=
[∞
∞

]
= lim

x→+∞

(15x2 + 12x)′

(2e2x)′
=

= lim
x→+∞

30x+ 12

4e2x
=
[∞
∞

]
= lim

x→+∞

(30x+ 12)′

(4e2x)′
= lim

x→+∞

30

8e2x
= 0.
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2.3.1. Èíòåðâàëû ìîíîòîííîñòè ôóíêöèè. Òî÷êè ýêñòðåìóìà

Íàïîìíèì ðÿä îïðåäåëåíèé.

Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà íà íåêîòîðîì ìíîæåñòâå D è ïóñòü D1 ⊂ D.

Ôóíêöèÿ y = f(x) íàçûâàåòñÿ âîçðàñòàþùåé íà ìíîæåñòâå D1, åñëè ∀x1, x2 ∈ D1 èç

íåðàâåíñòâà x1 < x2 ñëåäóåò íåðàâåíñòâî f(x1) < f(x2).

Ôóíêöèÿ y = f(x) íàçûâàåòñÿ íåóáûâàþùåé íà ìíîæåñòâå D1, åñëè ∀x1, x2 ∈ D1 èç

íåðàâåíñòâà x1 < x2 ñëåäóåò íåðàâåíñòâî f(x1) ≤ f(x2).

Ôóíêöèÿ y = f(x) íàçûâàåòñÿ óáûâàþùåé íà ìíîæåñòâå D1, åñëè ∀x1, x2 ∈ D1 èç

íåðàâåíñòâà x1 < x2 ñëåäóåò íåðàâåíñòâî f(x1) > f(x2).

Ôóíêöèÿ y = f(x) íàçûâàåòñÿ íåâîçðàñòàþùåé íà ìíîæåñòâå D1, åñëè ∀x1, x2 ∈ D1

èç íåðàâåíñòâà x1 < x2 ñëåäóåò íåðàâåíñòâî f(x1) ≥ f(x2).

Äëÿ ìîíîòîííûõ ôóíêöèé ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1 (Íåîáõîäèìûå óñëîâèÿ âîçðàñòàíèÿ è óáûâàíèÿ ôóíêöèé).
Åñëè äèôôåðåíöèðóåìàÿ íà èíòåðâàëå (a, b) ôóíêöèÿ f(x) âîçðàñòàåò (óáûâàåò), òî

f ′(x) ≥ 0 (f ′(x) ≤ 0) äëÿ âñåõ x ∈ (a, b).

Äîêàçàòåëüñòâî.Ïóñòü f(x) âîçðàñòàåò ïðè x ∈ (a, b). Âîçüìåì ïðîèçâîëüíûå òî÷êè x0

è x0 +4x íà (a, b) è ðàññìîòðèì îòíîøåíèå

4y
4x

=
f(x0 +4x)− f(x0)

4x
.

Ò.ê. f(x) âîçðàñòàåò, ïîýòîìó åñëè 4x > 0, òî x0 +4x > x0 è f(x0 +4x) > f(x0); åñëè

4x < 0, òî x0 +4x < x0 è f(x0 +4x) < f(x0). Â îáîèõ ñëó÷àÿõ 4y4x > 0, ò.ê. ÷èñëèòåëü è

çíàìåíàòåëü èìåþò îäèíàêîâûå çíàêè. Ïî óñëîâèþ òåîðåìû ôóíöèÿ èìååò ïðîèçâîäíóþ

â òî÷êå x0 è ÿâëÿåòñÿ ïðåäåëîì îòíîøåíèÿ. Ñëåäîâàòåëüíî, f ′(x0) ≥ 0.

Ãåîìåòðè÷åñêè òåîðåìà îçíà÷àåò, ÷òî êàñàòåëüíûå ê ãðàôèêó âîçðàñòàþùåé äèôôå-

ðåíöèðóåìîé ôóíêöèè îáðàçóþò îñòðûå óãëû ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Ox èëè

â íåêîòîðûõ òî÷êàõ ïàðàëëåëüíû îñè.

Òåîðåìà 2 (Äîñòàòî÷íûå óñëîâèÿ âîçðàñòàíèÿ è óáûâàíèÿ ôóíêöèé).
Åñëè ôóíêöèÿ f(x) äèôôåðåíöèðóåìà íà èíòåðâàëå (a, b) è f ′(x) > 0 (f ′(x) < 0) äëÿ

âñåõ x ∈ (a, b), òî ýòà ôóíêöèÿ âîçðàñòàåò (óáûâàåò) íà (a, b).

q -

6

O

x
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x0

íåò ïðîèçâîäíîé

pppppppppppq
x0

åñòü ïðîèçâîäíàÿ

x0 - òî÷êà ìàêñèìóìà

q -
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O
x

y

ppppppppq
x0

íåò ïðîèçâîäíîé

x0 - òî÷êà ìàêñèìóìà

åñòü ïðîèçâîäíàÿ

qpppp
p
x0

x0 - òî÷êà ìèíèìóìà

Îïðåäåëåíèå 1. Òî÷êà x0 íàçûâàåòñÿ òî÷êîé ìàêñèìóìà ôóíêöèè y = f(x), åñëè
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äëÿ âñåõ òî÷åê x 6= x0 èç íåêîòîðîé îêðåñòíîñòè òî÷êè x0 âûïîëíÿåòñÿ íåðàâåíñòâî

f(x) < f(x0) (1)

Àíàëîãè÷íî, òî÷êà x0 íàçûâàåòñÿ òî÷êîé ìèíèìóìà ôóíêöèè y = f(x), åñëè äëÿ

âñåõ òî÷åê x 6= x0 èç íåêîòîðîé îêðåñòíîñòè òî÷êè x0 âûïîëíÿåòñÿ íåðàâåíñòâî

f(x) > f(x0) (2)

Òî÷êà ìàêñèìóìà è òî÷êà ìèíèìóìà îáúåäèíÿþòñÿ îáùèì òåðìèíîì òî÷êè ýêñòðå-
ìóìà.

Ïîíÿòèå òî÷êè ýêñòðåìóìà èìååò ëîêàëüíûé õàðàêòåð. Íåðàâåíñòâà (1) è (2) âûïîë-

íÿþòñÿ òîëüêî â íåêîòîðîé îêðåñòíîñòè òî÷êè x0. Ôóíêöèÿ ìîæåò èìåòü íåñêîëüêî òî÷åê

ìàêñèìóìà è ìèíèìóìà.

q -
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x

y

pppppppppppppppppq
x1

ppq
x2

ppppppq
x4

qppx6

ppppppppppppppppq
x5

pppppppppppq
x7

pppppppppppq
x3

x1, x3, x5, x7 - òî÷êè ìàêñèìóìà
x2, x4, x6 - òî÷êè ìèíèìóìà

Çíà÷åíèå ôóíêöèè â òî÷êå ýêñòðåìóìà íàçûâàåòñÿ ýêñòðåìóìîì ôóíêöèè.
Òåîðåìà 3. (Íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà ôóíêöèé.)

Åñëè äèôôåðåíöèðóåìàÿ â òî÷êå x0 ôóíêöèÿ f(x) èìååò ýêñòðåìóì â òî÷êå x0, òî åå

ïðîèçâîäíàÿ â ýòîé òî÷êå ðàâíà íóëþ, ò.å. f ′(x0) = 0.

Ãåîìåòðè÷åñêè òåîðåìà îçíà÷àåò, ÷òî êàñàòåëüíàÿ ê ãðàôèêó ôóíêöèè â òî÷êå ýêñòðå-

ìóìà ïàðàëëåëüíà îñè Ox.

Òî÷êè, â êîòîðûõ ïðîèçâîäíàÿ ôóíêöèè ðàâíà íóëþ, íàçûâàþòñÿ ñòàöèîíàðíûìè.
Òåîðåìà 3 äàåò ëèøü íåîáõîäèìîå, íî íå äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ ýêñòðå-

ìóìà ôóíêöèè.

Ïðèìåð. Ðàññìîòðèì ôóíêöèþ y = x3. Íàéäåì åå ïðîèçâîäíóþ y′ = 3x2. Ïðèðàâíÿåì

ïðîèçâîäíóþ ê íóëþ: y′ = 0 ⇒ 3x2 = 0 ⇒ x = 0. Èòàê, â òî÷êå x = 0 ïðîèçâîäíàÿ

ôóíêöèè ðàâíà íóëþ, íî ôóíêöèÿ íå èìååò â ýòîé òî÷êå íè ìàêñèìóìà, íè ìèíèìóìà (ñì.

ðèñ. íèæå).
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x

y

y = x3

Êðîìå òîãî, ôóíêöèÿ ìîæåò èìåòü ýêñòðåìóì â òåõ òî÷êàõ èç D(f), â êîòîðûõ ïðîèç-

âîäíàÿ íå ñóùåñòâóåò.

Òî÷êè èç îáëàñòè îïðåäåëåíèÿ ôóíêöèè f (òî÷êè èç D(f)), â êîòîðûõ ïðîèçâîäíàÿ

ôóíêöèè ðàâíà íóëþ èëè íå ñóùåñòâóåò, íàçûâàþòñÿ êðèòè÷åñêèìè òî÷êàìè.
Òåîðåìà 4. (Äîñòàòî÷íûå óñëîâèÿ ýêñòðåìóìà ôóíêöèé.)

Ïóñòü òî÷êà x0 ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé äèôôåðåíöèðóåìîé ôóíêöèè y = f(x).

Òîãäà:

1. åñëè ïðè ïåðåõîäå ñëåâà íàïðàâî ÷åðåç òî÷êó x0 ïðîèçâîäíàÿ f ′(x) ìåíÿåò çíàê ñ

ïëþñà íà ìèíóñ, òî x0 åñòü òî÷êà ìàêñèìóìà;

2. åñëè ïðè ïåðåõîäå ñëåâà íàïðàâî ÷åðåç òî÷êó x0 ïðîèçâîäíàÿ f ′(x) ìåíÿåò çíàê ñ

ìèíóñà íà ïëþñ, òî x0 åñòü òî÷êà ìèíèìóìà.

2.3.2. Âûïóêëîñòü ãðàôèêà ôóíêöèè. Òî÷êè ïåðåãèáà
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ðèñ. 2ðèñ. 1

y = f(x)y = f(x)

Ãðàôèê äèôôåðåíöèðóåìîé ôóíêöèè y = f(x) íàçûâàåòñÿ âûïóêëûì âíèç (âîãíó-
òûì) íà (a, b), åñëè îí ðàñïîëîæåí âûøå ëþáîé åå êàñàòåëüíîé íà ýòîì èíòåðâàëå. Ãðà-

ôèê ôóíêöèè y = f(x) íàçûâàåòñÿ âûïóêëûì ââåðõ (âûïóêëûì) íà (a, b), åñëè îí

ðàñïîëîæåí íèæå ëþáîé åå êàñàòåëüíîé íà ýòîì èíòåðâàëå.
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Òî÷êà ãðàôèêà íåïðåðûâíîé ôóíêöèè y = f(x), îòäåëÿþùàÿ åãî ÷àñòè ðàçíîé âûïóê-

ëîñòè, íàçûâàåòñÿ òî÷êîé ïåðåãèáà.
Äëÿ âòîðîé ïðîèçâîäíîé ôóíêöèè ñïðàâåäëèâû ñëåäóþùèå òåîðåìû:

Òåîðåìà 1. Åñëè ôóíêöèÿ y = f(x) âî âñåõ òî÷êàõ èíòåðâàëà (a, b) èìååò îòðèöàòåëü-

íóþ âòîðóþ ïðîèçâîäíóþ, ò.å. f ′′(x) < 0, òî ãðàôèê ôóíêöèè â ýòîì èíòåðâàëå âûïóêëûé

ââåðõ. Åñëè f ′′(x) > 0 äëÿ ëþáîãî x ∈ (a, b), òî ãðàôèê âûïóêëûé âíèç (âîãíóòûé).

Òåîðåìà 2.(Äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ òî÷åê ïåðåãèáà.) Åñëè âòîðàÿ
ïðîèçâîäíàÿ f ′′(x) ïðè ïåðåõîäå ÷åðåç òî÷êó x0 ∈ D(f), â êîòîðîé îíà ðàâíà íóëþ èëè íå

ñóùåñòâóåò, ìåíÿåò çíàê, òî òî÷êà x0 ÿâëÿåòñÿ òî÷êîé ïåðåãèáà.

Ïðèìåð.

1. Íàéòè òî÷êè ïåðåãèáà è íàïðàâëåíèÿ âûïóêëîñòè äëÿ ãðàôèêà ôóíêöèè

y = x2 +
1

x2
.

Ðåøåíèå. Èòàê, îáëàñòü îïðåäåëåíèÿ ôóíêöèè: x ∈ R\{0}.

Íàõîäèì

y′ = 2x− 2

x3
, òîãäà y′′ = 2 +

6

x4
.

Äàëåå, ïðèðàâíèâàåì âòîðóþ ïðîèçâîäíóþ ê íóëþ:

2 +
6

x4
= 0, ñëåäîâàòåëüíî,2x4 + 6 = 0, x4 = −3 êîðíåé íåò.

Ñëåäîâàòåëüíî, òî÷åê ïåðåãèáà íåò. Òàêèì îáðàçîì, îñòàåòñÿ ïðîâåðèòü íàïðàâëåíèå

âûïóêëîñòè ãðàôèêà ôóíêöèè ñëåâà è ñïðàâà îò òî÷êè x = 0.

Âîçüìåì x = −1, èìååì

y′′(−1) = 2 +
6

(−1)4
= 2 + 6 = 8 > 0.

Âîçüìåì x = 1, èìååì

y′′(1) = 2 +
6

(1)4
= 2 + 6 = 8 > 0.

Òàêèì îáðàçîì, íà âñåé îáëàñòè îïðåäåëåíèÿ âûïóêëîñòü ãðàôèêà ôóíêöèè y =

x2 + 1
x2
íàïðàâëåíà âíèç.

2. Íàéòè òî÷êè ïåðåãèáà äëÿ ãðàôèêà ôóíêöèè

y =
x3

x2 − 4

Èòàê, îáëàñòü îïðåäåëåíèÿ ôóíêöèè: x ∈ (−∞;−2) ∪ (−2; 2) ∪ (2; +∞).

Íàõîäèì

y′ =
x4 − 12x2

(x2 − 4)2
, òîãäà y′′ =

4x5 − 28x3 + 92x

(x2 − 4)3
.
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Äàëåå, ïðèðàâíèâàåì âòîðóþ ïðîèçâîäíóþ ê íóëþ:

4x5 − 28x3 + 92x

(x2 − 4)3
= 0,

ñëåäîâàòåëüíî,

4x(x4 − 7x2 + 23) = 0, x = 0 èëè (x4 − 7x2 + 23) = 0.

Íî óðàâíåíèå (x4 − 7x2 + 23) = 0 íå èìååò êîðíåé. Òàêèì îáðàçîì, íà íàëè÷èå ïåðå-

ãèáà îñòàåòñÿ ïðîâåðèòü òî÷êó x = 0, à òàêæå èññëåäîâàòü íàïðàâëåíèå âûïóêëîñòè

ãðàôèêà ôóíêöèè íà ïðîìåæóòêàõ x ∈ (−∞;−2) è (2; +∞).

Âîçüìåì

x = −3 ∈ (−∞;−2), èìååì y′′(−3) =
4(−3)5 − 28(−3)3 + 92(−3)

((−3)2 − 4)3
< 0.

Âîçüìåì

x = 3 ∈ (2; +∞), èìååì y′′(3) =
4(3)5 − 28(3)3 + 92(3)

((3)2 − 4)3
> 0.

Âîçüìåì

x = 1 ∈ (0; 2), èìååì y′′(1) =
4(1)5 − 28(1)3 + 92(1)

((1)2 − 4)3
< 0.

Âîçüìåì

x = −1 ∈ (−2; 0), èìååì y′′(−1) =
4(−1)5 − 28(−1)3 + 92(−1)

((−1)2 − 4)3
> 0.

Òàêèì îáðàçîì, òàê êàê âòîðàÿ ïðîèçâîäíàÿ ïîìåíÿëà çíàê, òî ïðè x ∈ (−∞;−2) è

ïðè x ∈ (0; 2) âûïóêëîñòü ãðàôèêà ôóíêöèè íàïðàâëåíà ââåðõ, ïðè x ∈ (−2; 0) è ïðè

x ∈ (2; +∞) âûïóêëîñòü ãðàôèêà ôóíêöèè íàïðàâëåíà âíèç, òî÷êà x = 0 ÿâëÿåòñÿ

òî÷êîé ïåðåãèáà.

2.3.3. Àñèìïòîòû ãðàôèêà ôóíêöèè

Àñèìïòîòîé íàçûâàåòñÿ ïðÿìàÿ, ê êîòîðîé íåîãðàíè÷åííî ïðèáëèæàþòñÿ òî÷êè ãðàôèêà

ôóíêöèè ïðè èõ óäàëåíèè îò íà÷àëà ñèñòåìû êîîðäèíàò ïî êðèâîé y = f(x).

Àñèìïòîòû áûâàþò:

1. Âåðòèêàëüíûå

2. Íàêëîííûå (â ÷àñòíîñòè, ãîðèçîíòàëüíûå).

Ïî îáëàñòè îïðåäåëåíèÿ D(f) ìîæíî ñäåëàòü âûâîä, áóäóò ëè ó ãðàôèêà ôóíêöèè âåðòè-

êàëüíûå, íàêëîííûå, ãîðèçîíòàëüíûå àñèìïòîòû. Íàïðèìåð,

1. åñëè D(f) = [3; 5], òî àñèìïòîò âåðòèêàëüíûõ íå áóäåò;

2. åñëèD(f) = (−∞; 2)∪(2; +∞), òî âåðòèêàëüíàÿ àñèìïòîòà ìîæåò áûòü â òî÷êå x = 2;
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3. åñëè D(f) = [1; 4) ∪ (4; 5) ∪ (5; 6] òî äâå âåðòèêàëüíûå àñèìïòîòû , âîçìîæíî, áóäóò

â òî÷êàõ x = 4 è x = 5;

4. åñëè D(f) = [1; 2], òî íàêëîííûõ è ãîðèçîíòàëüíûõ àñèìïòîò íå áóäåò;

5. åñëè D(f) = (−∞; 2)∪(5; +∞), òî ìîãóò áûòü íàêëîííûå èëè ãîðèçîíòàëüíûå àñèìï-

òîòû ïðè x→ +∞ è ïðè x→ −∞;

6. åñëè D(f) = [1; +∞), òî ìîæåò áûòü íàêëîííàÿ èëè ãîðèçîíòàëüíàÿ àñèìïòîòà ïðè

x→ +∞.

1. Âåðòèêàëüíûå àñèìïòîòû.

Ïðÿìàÿ x = x0 ÿâëÿåòñÿ âåðòèêàëüíîé àñèìïòîòîé ãðàôèêà ôóíêöèè y = f(x), åñëè

õîòÿ áû îäèí èç îäíîñòîðîííèõ ïðåäåëîâ

lim
x→x0+0

f(x), lim
x→x0−0

f(x)− áåñêîíå÷åí.

Ãðàôèê ôóíêöèè ìîæåò èìåòü áåñêîíå÷íîå ÷èñëî âåðòèêàëüíûõ àñèìïòîò (âñå çà-

âèñèò îò îáëàñòè îïðåäåëåíèÿ). Íàïðèìåð, ãðàôèêè ôóíêöèé y = tg x è y = ctg x

èìåþò áåñêîíå÷íîå ÷èñëî âåðòèêàëüíûõ àñèìïòîò.

q q
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6

O
x

y

y = f(x)

pppppppppppqppppppppppppppppppp
x = x0 -àñèìïòîòà

q q
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-

6

O
x

y

y = f(x)

ppppppppppppppppppppppppppppppppppppppppppppppppppp

x = x0 -àñèìïòîòà

lim
x→x0+0

f(x) = +∞ lim
x→x0−0

f(x) = +∞ lim
x→x0+0

f(x) = −∞

2. Íàêëîííûå àñèìïòîòû (â ÷àñòíîñòè, ãîðèçîíòàëüíûå.) Ïðÿìàÿ y = kx + b

ÿâëÿåòñÿ íàêëîííîé àñèìïòîòîé ãðàôèêà ôóíêöèè y = f(x) ïðè x → +∞, åñëè

ñóùåñòâóþò è êîíå÷íû îáà ïðåäåëà

k = lim
x→+∞

f(x)

x
è b = lim

x→+∞
(f(x)− kx).
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Àíàëîãè÷íûì îáðàçîì óñòàíàâëèâàåòñÿ ó ãðàôèêà ôóíêöèè íàëè÷èå íàêëîííîé (ãî-

ðèçîíòàëüíîé) àñèìïòîòû ïðè x→ −∞.

Ãðàôèê ôóíêöèè ìîæåò èìåòü ìàêñèìóì äâå íàêëîííûå àñèìïòîòû: îäíà ïðè x →
+∞, âòîðàÿ ïðè x→ −∞.

Ïðè k = 0 ïîëó÷àåòñÿ ãîðèçîíòàëüíàÿ àñèìïòîòà y = b, åñëè ñóùåñòâóåò è êîíå÷åí

ïðåäåë

b = lim
x→+∞

f(x).

Àíàëîãè÷íî, ïðè k = 0 ïîëó÷àåòñÿ ãîðèçîíòàëüíàÿ àñèìïòîòà y = b, åñëè ñóùåñòâóåò

è êîíå÷åí ïðåäåë

b = lim
x→−∞

f(x).

Ãðàôèê ôóíêöèè ìîæåò èìåòü ìàêñèìóì äâå ãîðèçîíòàëüíûå àñèìïòîòû: îäíà ïðè

x→ +∞, âòîðàÿ ïðè x→ −∞.

Íàïðèìåð, ãðàôèê ôóíêöèè y = arctg x èìååò äâå ãîðèçîíòàëüíûå àñèìïòîòû (ñì.

ðèñ. íèæå).
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y = −π
2

y = π
2

ppppppppppppppppppppppppppppppppppppppppppppppppppppppp

y = arctg x ppppppppppppppppppppppppppppppppppppppppppppppppppppppp

2.3.4. Ñõåìà èññëåäîâàíèÿ ôóíêöèè è ïîñòðîåíèÿ åå ãðàôèêà

1. Íàéòè D(f) � îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = f(x).

2. Âûÿñíèòü ÷åòíîñòü (íå÷åòíîñòü) ôóíêöèè.

3. Íàéòè òî÷êè ïåðåñå÷åíèÿ ãðàôèêà ôóíêöèè ñ îñÿìè êîîðäèíàò:

(a) ñ îñüþ Ox: y = 0.

(b) ñ îñüþ Oy: x = 0.

4. Íàéòè èíòåðâàëû çíàêîïîñòîÿíñòâà ôóíêöèè:

(a) f(x) > 0 (ãðàôèê ôóíêöèè âûøå îñè Ox);

(b) f(x) < 0 (ãðàôèê ôóíêöèè íèæå îñè Oy).
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5. Âûÿñíèòü, åñòü ëè ó ãðàôèêà àñèìïòîòû:

(a) âåðòèêàëüíûå;

(b) íàêëîííûå (ãîðèçîíòàëüíûå).

6. Íàéòè ïðîìåæóòêè ìîíîòîííîñòè è òî÷êè ýêñòðåìóìà ôóíêöèè y = f(x). Äëÿ ýòîãî

íàõîäèì ïðîèçâîäíóþ f ′(x) è ðåøàåì óðàâíåíèå f ′(x) = 0. Íàõîäèì òî÷êè, â êîòîðûõ

ïðîèçâîäíàÿ ôóíêöèè îáðàùàåòñÿ â íóëü èëè íå ñóùåñòâóåò.

7. Íàéòè ïðîìåæóòêè âûïóêëîñòè, âîãíóòîñòè ãðàôèêà ôóíêöèè è òî÷êè ïåðåãèáà. Äëÿ

ýòîãî íàõîäèì ïðîèçâîäíóþ f ′′(x) è ðåøàåì óðàâíåíèå f ′′(x) = 0. Íàõîäèì òî÷êè, â

êîòîðûõ âòîðàÿ ïðîèçâîäíàÿ ôóíêöèè îáðàùàåòñÿ â íóëü èëè íå ñóùåñòâóåò.

8. Èñïîëüçóÿ ðåçóëüòàòû èññëåäîâàíèé 1-7, ïîñòðîèòü ãðàôèê ôóíêöèè y = f(x).

Ïðèìåð. Ïðîâåñòè ïîëíîå èññëåäîâàíèå è ïîñòðîèòü ãðàôèê ôóíêöèè

y =
x2 − 4

x+ 1
.

1. Òàê êàê ôóíêöèÿ èìååò âèä äðîáè, òî x+ 1 6= 0⇒ x 6= −1. Ñëåäîâàòåëüíî,

D(f) = (−∞;−1) ∪ (−1; +∞).

2. Ò.ê. D(f) íå ñèììåòðè÷íà îòíîñìèòåëüíî ò.O íà ÷èñëîâîé ïðÿìîé, òî ôóíêöèÿ íå

ÿâëÿåòñÿ íè ÷åòíîé, íè íå÷åòíîé.

3. Òî÷êè ïåðåñå÷åíèÿ ñ îñÿìè êîîðäèíàò:

(a) ñ îñüþ Ox, y = 0

x2 − 4

x+ 1
= 0⇒

{
x2 − 4 = 0

x+ 1 6= 0
⇒

{
x = 2, x = −2

x 6= −1

Òàêèì îáðàçîì, òî÷êè ïåðåñå÷åíèÿ ñ îñüþ Ox: (2; 0), (−2, 0).

(b) ñ îñüþ Oy, x = 0

y =
02 − 4

0 + 1
=
−4

1
= −4.

Òàêèì îáðàçîì, òî÷êà ïåðåñå÷åíèÿ ñ îñüþ Oy: (0,−4).

4. Èíòåðâàëû çíàêîïîñòîÿíñòâà ôóíêöèè:

x2 − 4

x+ 1
> 0⇔ (x− 2)(x+ 2)

x+ 1
> 0⇒

f(−3) =
(−3)2 − 4

−3 + 1
= −5

2
< 0

f

(
−3

2

)
=

(
−3

2

)2 − 4(
−3

2

)
+ 1

=
7

2
> 0
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f(0) = −4 < 0

f(3) =
32 − 4

3 + 1
=

5

4
> 0.

a
−2

a
−1

a
2

-− + − +

Òàêèì îáðàçîì, y = f(x) > 0 ïðè x ∈ (−2;−1) ∪ (2; +∞),

y = f(x) < 0 ïðè x ∈ (−∞;−2) ∪ (−1; 2).

5. Àñèìïòîòû.

(a) Âåðòèêàëüíûå.

lim
x→−1−0

x2 − 4

x+ 1
=

∣∣∣∣∣∣∣
ïðè x→ −1− 0

x2 − 4→ −3

x+ 1→ +0

∣∣∣∣∣∣∣ = −∞

lim
x→−1+0

x2 − 4

x+ 1
=

∣∣∣∣∣∣∣
ïðè x→ −1 + 0

x2 − 4→ −3

x+ 1→ −0

∣∣∣∣∣∣∣ =∞

Ñëåäîâàòåëüíî, òî÷êà x = −1 � òî÷êà ðàçðûâà II ðîäà, ïðÿìàÿ x = −1 �

âåðòèêàëüíàÿ àñèìïòîòà.

(b) Íàêëîííûå (ãîðèçîíòàëüíûå).

k = lim
x→±∞

f(x)

x
= lim

x→±∞

x2 − 4

x(x+ 1)
= lim

x→±∞

x2 − 4

x2 + x
=

[∞
∞

]
= lim

x→±∞

1− 4
x2

1 + x
x2

=
1

1
= 1.

b = lim
x→±∞

(f(x)− kx) = lim
x→±∞

(
x2 − 4

x+ 1
− 1 · x

)
= lim

x→±∞

(
x2 − 4

x+ 1
− x
)

=
[∞
∞

]
=

lim
x→±∞

x2 − 4− x2 − x
x+ 1

= lim
x→±∞

−4− x
x+ 1

= −1.

Òàêèì îáðàçîì, ïðÿìàÿ y = x− 1 � íàêëîííàÿ àñèìïòîòà.

6. Íàéäåì ïðîìåæóòêè ìîíîòîííîñòè è òî÷êè ýêñòðåìóìà ôóíêöèè

y =
x2 − 4

x+ 1
.

y′ =
(x2 − 4)′ · (x+ 1)− (x2 − 4) · (x+ 1)′

(x+ 1)2
=

2x · (x+ 1)− (x2 − 4) · 1
(x+ 1)2

=

=
2x2 + 2x− x2 + 4

(x+ 1)2
=
x2 + 2x+ 4

(x+ 1)2
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Ðåøàåì óðàâíåíèå y′ = 0:

x2 + 2x+ 4

(x+ 1)2
= 0→

{
x2 + 2x+ 4

(x+ 1)2 6= 0
→

{
D < 0, êîðíåé íåò

x 6= −1

Èòàê, y′ íå ñóùåñòâóåò ïðè x = −1, íî ýòà òî÷êà íå ÿâëÿåòñÿ êðèòè÷åñêîé äëÿ

ôóíêöèè, ò.ê. −1 /∈ D(f).

y′

y

d
−1

+ +
-

↗ ↗

Èòàê, ôóíêöèÿ âîçðàñòàåò íà èíòåðâàëàõ (−∞;−1) è (−1; +∞).

7. Íàéäåì ïðîìåæóòêè âûïóêëîñòè, âîãíóòîñòè ãðàôèêà ôóíêöèè è òî÷êè ïåðåãèáà.

y′′ =

(
x2 + 2x+ 4

(x+ 1)2

)′
=

(x2 + 2x+ 4)′ · (x+ 1)2 − (x2 + 2x+ 4) · ((x+ 1)2)′

(x+ 1)4
=

=
(2x+ 2) · ((x+ 1)2)− (x2 + 2x+ 4) · 2 · (x+ 1)

(x+ 1)4
=

2(x+ 1)((x+ 1)2 − x2 − 2x− 4)

(x+ 1)4
=

= 2 · x
2 + 2x+ 1− x2 − 2x− 4

(x+ 1)3
=

−6

(x+ 1)3
.

Óðàâíåíèå y′′ = 0 ðåøåíèé íå èìååò, íî y′′ íå ñóùåñòâóåò â òî÷êå x = −1. Ñëåäîâà-

òåëüíî òî÷åê ïåðåãèáà ãðàôèê ôóíêöèè íå èìååò.

y′′

y

d
−1

+ −
-

Èòàê, ãðàôèê ôóíêöèè âîãíóòûé íà (−∞;−1), âûïóêëûé íà (−1; +∞).

8. Èñïîëüçóÿ ðåçóëüòàòû èññëåäîâàíèÿ 1-7, ïîñòðîèì ãðàôèê.

q
−1

q
1

-

6

q
O

x

y

y = f(x)
pppppppppppppppppppppppppppppppppppppppppp

pppppppppppppppp

p p p p p
p p p p p

p p p p p
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2.3.5. Íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè íà îòðåçêå [a, b]

Èçâåñòíî, ÷òî âñÿêàÿ íåïðåðûâíàÿ íà îòðåçêå [a, b] ôóíêöèÿ äîñòèãàåò íà íåì íàè-

áîëüøåãî è íàèìåíüøåãî çíà÷åíèÿ (Òåîðåìà Âåéåðøòðàññà). Äëÿ òîãî, ÷òîáû íàéòè ýòè

çíà÷åíèÿ, íåîáõîäèìî âûïîëíèòü ñëåäóþùèå äåéñòâèÿ:

1. íàéòè êðèòè÷åñêèå òî÷êè ôóíêöèè íà (a, b);

2. âû÷èñëèòü çíà÷åíèÿ ôóíêöèè â íàéäåííûõ êðèòè÷åñêèõ òî÷êàõ;

3. âû÷èñëèòü çíà÷åíèÿ ôóíêöèè íà êîíöàõ îòðåçêà, ò.å. â òî÷êàõ x = a, x = b;

4. ñðåäè âñåõ âû÷èñëåííûõ çíà÷åíèé ôóíêöèè âûáðàòü íàèáîëüøåå è íàèìåíüøåå.

Ïðèìåð. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè y = x+ 2
√
x íà [0; 4].

1. Íàéäåì êðèòè÷åñêèå òî÷êè ôóíêöèè, ïðèíàäëåæàùèå (0, 4). Äëÿ ýòîãî âû÷èñëèì

ïðîèçâîäíóþ ôóíêöèè è ïðèðàâíÿåì åå ê íóëþ.

y′ = 1 +
2

2
√
x

= 1 +
1√
x

1 +
1√
x

= 0→ 1 +
√
x√

x
= 0→

{
1 +
√
x = 0− ðåøåíèé íåò

x 6= 0

Òàêèì îáðàçîì, ôóíêöèÿ íå èìååò êðèòè÷åñêèõ òî÷åê, ïðèíàäëåæàùèõ èíòåðâàëó

(0, 4).

2. Íàéäåì çíà÷åíèÿ ôóíêöèè íà êîíöàõ îòðåçêà:

y(0) = 0 + 2
√

0 = 0, y(4) = 4 + 2
√

4 = 8.

3. Òàêèì îáðàçîì, ïîëó÷àåì y = 0 � íàèìåíüøåå çíà÷åíèå ôóíêöèè íà [0; 4], y = 8 �

íàèáîëüøåå çíà÷åíèå ôóíêöèè íà [0; 4].

Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè y = x4 − 2x2 + 5 íà [−2; 2].

1. Íàéäåì êðèòè÷åñêèå òî÷êè ôóíêöèè, ïðèíàäëåæàùèå (−2, 2). Äëÿ ýòîãî âû÷èñëèì

ïðîèçâîäíóþ ôóíêöèè è ïðèðàâíÿåì åå ê íóëþ.

y′ = 4x3 − 4x

4x3 − 4x = 0⇒ 4x(x2 − 1) = 0⇒

[
x = 0

x2 − 1 = 0
⇒

 x = 0

x = −1

x = 1

.

Òàêèì îáðàçîì, ôóíêöèÿ èìååò òðè êðèòè÷åñêèõ òî÷åê, ïðèíàäëåæàùèõ èíòåðâàëó

(−2, 2).

67



2. Âñå íàéäåííûå òî÷êè ÿâëÿþòñÿ êðèòè÷åñêèìè, íàéäåì çíà÷åíèÿ ôóíêöèè â íèõ:

y(−1) = (−1)4−2(−1)2+5 = 1−2+5 = 4, y(0) = 04−2·02+5 = 5, y(1) = 14−2·12+5 = 4

3. Íàéäåì çíà÷åíèÿ ôóíêöèè íà êîíöàõ îòðåçêà:

y(−2) = (−2)4 − 2 · (−2)2 + 5 = 13, y(2) = 13.

4. Òàêèì îáðàçîì, ïîëó÷àåì y = 4 � íàèìåíüøåå çíà÷åíèå ôóíêöèè íà [−2; 2], y = 13

� íàèáîëüøåå çíà÷åíèå ôóíêöèè íà [−2; 2].
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Òàáëèöà îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé.

1. Ñòåïåííàÿ ôóíêöèÿ. y = xα, α ∈ R.

-

6

x

y

q
O

�
�
�
�
�
�
�
�
�
�

y = x

q
O

-

6

x

y

y = x2

q
O

-

6

x

y

y = x3

-

6

x

y

q
O

y = 1
x

q
O

-

6

x

y

y = 3
√
x

-

6

x

y

q
O

y = 1
x2

q
O

-

6

x

y

y =
√
x
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2. Ïîêàçàòåëüíàÿ ôóíêöèÿ. y = ax.

-

6

x

y

q 1q
O

y = ax, a > 1

q
O

q 1
-

6

x

y

y = ax, a < 1

3. Ëîãàðèôìè÷åñêàÿ ôóíêöèÿ. y = ax, a > 0, a 6= 1.

-

6

x

y

q
O

y = loga x, a > 1

q
1

q
O

q
1

-

6

x

y

y = loga x, a < 1

4. Òðèãîíîìåòðè÷åñêèå ôóíêöèè. y = sinx, y = cosx, y = tg x, y = ctg x.

q
O

-

6

x

y

y = sinx

q
−2π

q
−π

q
π

q
−π

2

q
π
2

q
2π

q1
q−1

q
O

-

6

x

y

y = cosx

q
−2π

q
−π

q
π

q
−π

2

q
π
2

q
2π

q1
q−1
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q
O

-

6

x

y

y = tg x

q
−3π

2

q
−2π

q
−π

q
π

q
−π

2

q
π
2

q
2π

q1
q−1

q
3π
2

ppppppppppppppppppppppppppp

ppppppppppppppppppppppppppp

ppppppppppppppppppppppppppp

ppppppppppppppppppppppppppp

q
O

-

6

x

y

y = ctg x

q
−3π

2

q
−2π

q
−π

q
π

q
−π

2

q
π
2

q
2π

q1
q−1

q
3π
2

ppppppppppppppppppppppppppp

ppppppppppppppppppppppppppp

ppppppppppppppppppppppppppp
5. Îáðàòíûå òðèãîíîìåòðè÷åñêèå ôóíêöèè. y = arcsinx, y = arccosx, y = arctg x,

y = arcctg x.

q
O

-

6

x

y

y = arcsinx

q−π
2

q

q

qπ
2

q
−1

q
1

q
O

-

6

x

y

y = arccosx q
q π

2

q π

q
−1

q
1

q
O

-

6

x

y

y = −π
2

y = π
2

ppppppppppppppppppppppppppppppppppppppppppppppppppppppp

y = arctg x ppppppppppppppppppppppppppppppppppppppppppppppppppppppp
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q
O

-

6

x

y

y = π

q π
2

y = arcctg x ppppppppppppppppppppppppppppppppppppppppppppppppppppppp
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3. ÈÍÒÅÃÐÀËÜÍÎÅ ÈÑ×ÈÑËÅÍÈÅ ÔÓÍÊÖÈÈ ÎÄÍÎÉ
ÏÅÐÅÌÅÍÍÎÉ

3.1. Íåîïðåäåëåííûé èíòåãðàë

3.1.1. Ïîíÿòèå ïåðâîîáðàçíîé è íåîïðåäåëåííîãî èíòåãðàëà

Îïðåäåëåíèå. Ôóíêöèÿ F (x) íàçûâàåòñÿ ïåðâîîáðàçíîé äëÿ ôóíêöèè f(x) íà

èíòåðâàëå (a; b), åñëè äëÿ ëþáîãî x ∈ (a; b) âûïîëíÿåòñÿ ðàâåíñòâî F ′(x) = f(x).

Íàïðèìåð, ôóíêöèÿ F (x) = sinx ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ ôóíêöèè f(x) = cos x.

Äåéñòâèòåëüíî, (sinx)′ = cosx. Ôóíêöèÿ F (x) = ln 3x + 5 ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ

ôóíêöèè f(x) = 1
x
. Äåéñòâèòåëüíî, F ′(x) = (ln 3x+5)′ = 1

3x
·3 = 1

x
. Ôóíêöèÿ F (x) = ln 3x−7

òàêæå ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ ôóíêöèè f(x) = 1
x
. Äåéñòâèòåëüíî, F ′(x) = (ln 3x −

7)′ = 1
3x
· 3 = 1

x
. È âîîáùå, ëþáàÿ ôóíêöèÿ âèäà F (x) = ln 3x + C, ãäå C � ïîñòîÿííàÿ,

ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ ôóíêöèè f(x) = 1
x
.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Åñëè ôóíêöèè F1(x) è F2(x) � äâå ðàçëè÷íûå ïåðâîîáðàçíûå äëÿ ôóíêöèè

f(x) íà íåêîòîðîì èíòåðâàëå (a; b), òî F1(x)− F2(x) = C.

Îïðåäåëåíèå. Ìíîæåñòâî âñåõ ïåðâîîáðàçíûõ ôóíêöèè f(x) ( ò.å. ìíîæåñòâî ôóíê-

öèé âèäà F (x)+C, ãäå F (x) � îäíà èç ïåðâîîáðàçíûõ ôóíêöèè f(x)) íàçûâàåòñÿ íåîïðå-
äåëåííûì èíòåãðàëîì îò f(x) è îáîçíà÷àåòñÿ

∫
f(x)dx.

Òàêèì îáðàçîì, ∫
f(x)dx = F (x) + C.

Ïðè ýòîì ôóíêöèÿ f(x) íàçûâàåòñÿ ïîäûíòåãðàëüíîé ôóíêöèåé, f(x)dx � ïîäûí-
òåãðàëüíûì âûðàæåíèåì, ïåðåìåííàÿ x� ïåðåìåííîé èíòåãðèðîâàíèÿ,

∫
� çíà÷îê

èíòåãðàëà.

Äëÿ íåîïðåäåëåííîãî èíòåãðàëà ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Åñëè ôóíêöèÿ y = f(x) � íåïðåðûâíà, òî äëÿ íåå ñùåñòâóåò íåîïðåäåëåííûé

èíòåãðàë.

3.1.2. Òàáëèöà îñíîâíûõ èíòåãðàëîâ

Îïåðàöèÿ íàõîæäåíèÿ íåîïðåäåëåííîãî èíòåãðàëà íàçûâàåòñÿ èíòåãðèðîâàíèåì.
Ïîñêîëüêó îïåðàöèÿ èíòåãðèðîâàíèÿ îáðàòíà ê îïåðàöèè äèôôåðåíöèðîâàíèÿ, òî ñ

ïîìîùüþ òàáëèöû ïðîèçâîäíûõ ìîæíî ïîëó÷èòü òàáëèöó èíòåãðàëîâ.
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Ýëåìåíòàðíûå ôóíêöèè Ñëîæíûå ôóíêöèè

Ñòåïåííàÿ ôóíêöèÿ Ñòåïåííàÿ ôóíêöèÿ

1.
∫
dx = x+ C

∫
du = u+ C

2.
∫
dx = x+ C

∫
du = u+ C

3.
∫

dx
xα

= − 1
(α−1)xα−1 , α 6= 1

∫
du
uα

= − 1
(α−1)uα−1 , α 6= 1

4.
∫
xαdx = xα+1

α+1
+ C, α 6= −1

∫
uαdu = uα+1

α+1
+ C, α 6= −1

5.
∫

1
x
dx = ln |x|+ C

∫
1
u
du = ln |u|+ C

6.
∫

1√
x
dx = 2

√
x+ C

∫
1√
u
du = 2

√
u+ C

Ïîêàçàòåëüíûå ôóíêöèè Ïîêàçàòåëüíûå ôóíêöèè

7.
∫
exdx = ex + C

∫
eudu = eu + C

8.
∫
axdx = ax

ln a
+ C

∫
audu = au

ln a
+ C

Òðèãîíîìåòðè÷åñêèå ôóíêöèè Òðèãîíîìåòðè÷åñêèå ôóíêöèè

9.
∫

sinxdx = − cosx+ C
∫

sinudu = − cosu+ C

10.
∫

cosxdx = sinx+ C
∫

cosudu = sinu+ C

11.
∫

1
cos2 x

dx = tg x+ C
∫

1
cos2 u

du = tg u+ C

12.
∫

1
sin2 x

dx = − ctg x+ C
∫

1
sin2 u

du = − ctg u+ C

Îáðàòíûå òðèãîíîìåòðè÷åñêèå ôóíêöèè Îáðàòíûå òðèãîíîìåòðè÷åñêèå ôóíêöèè

13.
∫

1√
1−x2dx = arcsinx+ C

∫
1√

1−u2du = arcsinu+ C

14.
∫

1√
a2−x2dx = arcsin x

a
+ C

∫
1√

a2−u2du = arcsin u
a

+ C

15.
∫

1
1+x2

dx = arctg x+ C
∫

1
1+u2

dx = arctg u+ C

16.
∫

1
a2+x2

dx = 1
a

arctg x
a

+ C
∫

1
a2+u2

du = 1
a

arctg u
a

+ C

17.
∫

1
1+x2

dx = − arcctg x+ C
∫

1
1+u2

du = − arcctg u+ C

18.
∫

1
a2+x2

dx = − 1
a

arcctg x
a

+ C
∫

1
a2+x2

dx = − 1
a

arcctg x
a

+ C

19.
∫

1
x2−a2dx = 1

2·a · ln
∣∣x−a
x+a

∣∣+ C
∫

1
u2−a2du = 1

2·a · ln
∣∣u−a
u+a

∣∣+ C

20.
∫

1√
x2+a2

dx = ln |x+
√
x2 ± a2|+ C

∫
1√

u2+a2
dx = ln |u+

√
u2 ± a2|+ C

Îáîñíóåì íåêîòîðûå ñòðîêè òàáëèöû, èñïîëüçóÿ òàáëèöó ïðîèçâîäíûõ.

4.

(
xα+1

α + 1

)′
=

(
1

α + 1
· xα+1

)′
=

1

α + 1
· (α + 1) · xα+1−1 = xα.

5. Åñëè x > 0, òî |x| = x è (ln |x|)′ = (lnx)′ =
1

x
.

Åñëè x < 0, òî |x| = −x è (ln |x|)′ = (ln(−x))′ =
1

−x
(−x)′ =

−1

−x
=

1

x
.

8.

(
ax

ln a

)′
=

1

ln a
· (ax)′ = 1

ln a
· ax · ln a = ax.

16.

(
1

a
arctg

x

a

)′
=

1

a
·
(

arctg
x

a

)′
=

1

a
· 1

1 +
(
x
a

)2 · (xa)′ =
1

a
· 1
a2+x2

a2

· 1

a
=

1

a2 + x2
.
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3.1.3. Îñíîâíûå ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà

1. Ïðîèçâîäíàÿ íåîïðåäåëåííîãî èíòåãðàëà ðàâíà ïîäûíòåãðàëüíîé ôóíêöèè:(∫
f(x)dx

)′
= f(x).

Äåéñòâèòåëüíî,
(∫

f(x)dx
)′

= (F (x) + C)′ = F ′(x) = f(x).

Äèôôåðåíöèàë îò íåîïðåäåëåííîãî èíòåãðàëà ðàâåí ïîäûíòåãðàëüíîìó âûðàæåíèþ:

d

(∫
f(x)dx

)
= f(x)dx.

Äåéñòâèòåëüíî, d
(∫

f(x)dx
)

=
(∫

f(x)dx
)′
dx = f(x)dx.

2. Íåîïðåäåëåííûé èíòåãðàë îò äèôôåðåíöèàëà íåêîòîðîé ôóíêöèè ðàâåí ñóììå ýòîé

ôóíêöèè è ïðîèçâîëüíîé ïîñòîÿííîé, ò.å.∫
d(F (x)) = F (x) + C.

Äåéñòâèòåëüíî, òàê êàê d(F (x)) = F ′(x)dx, òî
∫
F ′(x)dx =

∫
f(x)dx = F (x) + C.

3. Ïîñòîÿííûé ìíîæèòåëü ìîæíî âûíîñèòü çà çíàê èíòåãðàëà, ò.å. åñëè k = const 6= 0,

òî ∫
kf(x)dx = k

∫
f(x)dx.

Äåéñòâèòåëüíî, ïóñòü F (x) � ïåðâîîáðàçíàÿ äëÿ f(x), ò.å. F ′(x) = f(x). Òîãäà kF (x)

� ïåðâîîáðàçíàÿ äëÿ äëÿ ôóíêöèè kf(x): (kF (x))′ = kF ′(x) = kf(x). Îòñþäà ñëåäóåò,

÷òî k
∫
f(x)dx = k[F (x) + C] = kF (x) + kC = kF (x) + C1 =

∫
kf(x)dx, ãäå C1 = kC.

4. Íåîïðåäåëåííûé èíòåãðàë îò àëãåáðàè÷åñêîé ñóììû äâóõ ôóíêöèé ðàâåí àëãåáðàè-

÷åñêîé ñóììå èíòåãðàëîâ îò ýòèõ ôóíêöèé â îòäåëüíîñòè, ò.å.∫
(f(x)± g(x))dx =

∫
f(x)dx±

∫
g(x)dx.

Äåéñòâèòåëüíî, ïóñòü F (x) è G(x) � ïåðâîîáðàçíûå äëÿ ôóíêöèé f(x) è g(x), ñî-

îòâåòñòâåííî. F ′(x) = f(x), G′(x) = g(x). Òîãäà ôóíêöèè F (x) ± G(x) ÿâëÿþòñÿ

ïåðâîîáðàçíûìè äëÿ ôóíêöèé f(x)± g(x). Ñëåäîâàòåëüíî,∫
f(x)dx±

∫
g(x)dx = (F (x) + C1)± (G(x) + C2) = (F (x)±G(x)) + (C1 ± C2) =

= (F (x)±G(x)) + C =

∫
(f(x)± g(x))dx.

5. Èíâàðèàíòíîñòü ôîðìóëû èíòåãðèðîâàíèÿ. Åñëè
∫
f(x)dx = F (x)+C, òî

∫
f(u)du =

F (u) +C, ãäå u = ϕ(x) � ïðîèçâîëüíàÿ ôóíêöèÿ, èìåþùàÿ íåïðåðûâíóþ ïðîèçâîä-

íóþ.
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Äåéñòâèòåëüíî, ïóñòü x � íåçàâèñèìàÿ ïåðåìåííàÿ, f(x) � íåïðåðûâíàÿ ôóíêöèÿ,

F (x) � åå ïåðâîîáðàçíàÿ. Òîãäà
∫
f(x)dx = F (x) +C. Ïîëîæèì òåïåðü u = ϕ(x), ãäå

ϕ(x) � íåïðåðûâíî-äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Ðàññìîòðèì ñëîæíóþ ôóíêöèþ

F (u) = F (ϕ(x)). Íàéäåì åå äèôôåðåíöèàë:

d(F (u)) = F ′(u)du = f(u)du.

Îòñþäà ∫
f(u)du =

∫
d(F (u)) = F (u) + C.

Ïðèìåðû.

1. ∫
x2dx =

x3

3
+ C.

2. ∫
(sinx)2d(sinx) =

(sinx)3

3
+ C.

3. ∫
(lnx)2d(lnx) =

(lnx)3

3
+ C.

4. ∫
sin(7x)dx =

∫
sin(7x)d

(
7x

7

)
=

1

7

∫
sin(7x)d(7x) = −1

7
cos 7x+ C.

3.1.4. Íåïîñðåäåñòâåííîå èíòåãðèðîâàíèå

Â íåêîòîðûõ ïðîñòûõ ñëó÷àÿõ ìîæíî íàéòè íåîïðåäåëåííûé èíòåãðàë, èñïîëüçóÿ òàá-

ëèöó èíòåãðàëîâ è ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà. Ïðè ýòîì â ïîäûíòåãðàëüíîì

âûðàæåíèè âîçìîæíû ñëåäóþùèå ïðåîáðàçîâàíèÿ:

1. ðàñêðûòèå ñêîáîê;

2. ïî÷ëåííîå äåëåíèå ÷èñëèòåëÿ íà çíàìåíàòåëü;

3. ïðèìåíåíèå ôîðìóë òðèãîíîìåòðèè;

4. âûäåëåíèå öåëîé ÷àñòè íåïðàâèëüíîé ðàöèîíàëüíîé äðîáè ( â ñëó÷àå, åñëè ñòåïåíü

÷èñëèòåëÿ áîëüøå èëè ðàâíà ñòåïåíè çíàìåíàòåëÿ).

Ïðèìåðû.

1. ∫ (
x2 + 2x+

1

x

)
dx =

∫
x2dx+

∫
2xdx+

∫
1

x
dx =

x3

3
+ 2

∫
xdx+ ln |x|+ C =

=
x3

3
+ 2

x2

2
+ ln |x|+ C =

x3

3
+ x2 + ln |x|+ C.

2. ∫ (
ex − 1

x2

)
dx =

∫
exdx−

∫
1

x2
dx = ex +

1

x
+ C.
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3.1.5. Ìåòîä çàìåíû ïåðåìåííîé â íåîïðåäåëåííîì èíòåãðàëå

Ïóñòü íàì òðåáóåòñÿ íàéòè íåîïðåäåëåííûé èíòåãðàë
∫
f(x)dx. Ïðè÷åì íåïîñðåäñòâåí-

íî ìû íàéòè ïåðâîîáðàçíóþ íå ìîæåì, íî çíàåì, ÷òî îíà ñóùåñòâóåò. Òîãäà ñäåëàåì çà-

ìåíó: x = ϕ(t), ãäå ϕ(t) � íåïðåðûâíàÿ ôóíêöèÿ ñ íåïðåðûâíîé ïðîèçâîäíîé, èìåþùàÿ

îáðàòíóþ ôóíêöèþ. Òîãäà dx = ϕ′(t)dt è èìååò ìåñòî ðàâåíñòâî:∫
f(x)dx =

∫
f(ϕ(t))ϕ′(t)dt.

Äëÿ åãî äîêàçàòåëüñòâà ïðîäèôôåðåíöèðóåì ðàâåíñòâî ñëåâà è ñïðàâà. Ñëåâà áóäåì èìåòü:(∫
f(x)dx

)′
x

= f(x).

Ïðàâóþ ÷àñòü äèôôåðåíöèðóåì ïî x êàê ñëîæíóþ ôóíêöèþ, ãäå t � ïðîìåæóòî÷íûé

àðãóìåíò. (∫
f(ϕ(t))ϕ′(t)dt

)′
x

=

(∫
f(ϕ(t))ϕ′(t)dt

)′
t

dt

dx
= f(ϕ(t))ϕ′(t)

dt

dx
=

ïî òåîðåìå î äèôôåðåíöèðîâàíèè îáðàòíîé ôóíêöèè f(ϕ(t))ϕ′(t)
1

ϕ′(t)
= f(ϕ(t)) = f(x).

Ïðîèçâîäíàÿ îò ëåâîé ÷àñòè è îò ïðàâîé ÷àñòè ñîâïàëè, ÷òî è òðåáîâàëîñü äîêàçàòü.

Çàìå÷àíèå. Çàìåíó ïåðåìåííîé èíîãäà ëó÷øå ïîäáèðàòü â âèäå t = ψ(x), à íå â âèäå

x = ϕ(t). Íàïðèìåð, íóæíî âû÷èñëèòü èíòåãðàë∫
ψ′(x)

ψ(x)
dx.

Ïîëîæèì çäåñü t = ψ(x), òîãäà dt = ψ′(x)dx. Èìååì∫
ψ′(x)

ψ(x)
dx =

∫
dt

t
= ln |t|+ C = ln |ψ(x)|+ C.

Ïðèìåðû.

1. (a)

∫
dx

1− 2x
=

∣∣∣∣∣∣∣
t = 1− 2x

dt = −2dx

dx = dt
−2

∣∣∣∣∣∣∣ =

∫
dt

−2t
=
−1

2

∫
dt

t
=
−1

2
ln |t| = −1

2
ln |1− 2x|+ C.

(b) ∫
dx

1− 2x
=

∫
−1

2

d(−2x)

(1− 2x)
= −1

2

∫
d(1− 2x)

1− 2x
= −1

2
ln |1− 2x|+ C.

2. (a)

∫
cos(3x+2)dx =

∣∣∣∣∣∣∣
t = 3x+ 2

dt = 3dx

dx = dt
3

∣∣∣∣∣∣∣ =

∫
1

3
cos tdt =

1

3

∫
cos tdt =

1

3
sin t =

1

3
sin(3x+2)+C.
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(b) ∫
cos(3x+2)dx =

∫
cos(3x+2)d

(3x+ 2)

3
=

1

3

∫
cos(3x+2)d(3x+2) =

1

3
sin(3x+2)+C.

3. (a) ∫ √
sinx cosxdx =

∣∣∣∣∣ t = sinx

dt = cosxdx

∣∣∣∣∣ =

∫ √
tdt =

t
3
2

3
2

+ C =
2

3
(sinx)

3
2 + C.

(b) ∫ √
sinx cosxdx =

∫ √
sinxd(sinx) =

(sinx)
3
2

3
2

+ C =
2

3
(sinx)

3
2 + C.

4. (a)

∫
xdx

1 + x2
=

∣∣∣∣∣∣∣
t = 1 + x2

dt = 2xdx

xdx = dt
2

∣∣∣∣∣∣∣ =

∫ dt
2

t
=

1

2

∫
dt

t
=

1

2
ln |t|+ C =

1

2
ln(1 + x2) + C.

(b) ∫
xdx

1 + x2
=

∫
d(x

2

2
)

1 + x2
=

1

2

∫
1 + x2

1 + x2
=

1

2
ln(1 + x2) + C.

5. (a) ∫
tg xdx =

∫
sinx

cosx
dx =

∣∣∣∣∣ t = cosx

dt = − sinxdx

∣∣∣∣∣ =

∫
−dt
t

= −dt
t

= − ln |t| = − ln | cosx|+C.

(b) ∫
tg xdx =

∫
sinx

cosx
dx =

∫
d(−cosx)

cosx
= −

∫
d(cosx)

cosx
= − ln |cosx|+ C.

6. ∫
x2 + 1

x+ 2
dx =

∫
x2 − 4 + 5

x+ 2
dx =

∫ (
(x− 2)(x+ 2)

x+ 2
+

5

x+ 2

)
dx =

=

∫
(x− 2)dx+ 5

∫
d(x+ 2)

x+ 2
=
x2

2
− 2x+ 5 ln |x+ 2|+ C.

3.1.6. Ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì

Ïóñòü u = u(x) è v = v(x) � ôóíêöèè, äèôôåðåíöèðóåìûå ïî ïåðåìåííîé x. Ïî ñâîéñòâó

äèôôåðåíöèàëà ïðîèçâåäåíèÿ äâóõ ôóíêöèé èìååì: d(u·v) = du·v+u·dv. Ïðîèíòåãðèðóåì
ëåâóþ è ïðàâóþ ÷àñòü ýòîãî ðàâåíñòâà, ïîëó÷èì:

∫
d(u·v) =

∫
(du·v+u·dv). Cëåäîâàòåëüíî,

u · v =
∫

(du · v) +
∫

(u · dv). Èç ïîñëåäíåãî ðàâåíñòâà ïîëó÷àåì:∫
u · dv = u · v −

∫
v · du.

Ôîðìóëà ïðèìåíÿåòñÿ â ñëó÷àå:
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1)
∫
Pn(x)f(x)dx, ãäå Pn(x) � ìíîãî÷ëåí ñòåïåíè n îò ïåðåìåííîé x, à f(x) = sinαx,

cosαx, ò.å. ôóíêöèÿ f(x) èìååò òàáëè÷íóþ ïåðâîîáðàçíóþ, â ýòîì ñëó÷àå ðàçäåëÿåì ïîäûí-

òåãðàëüíîå âûðàæåíèå ñëåäóþùèì îáðàçîì: u(x) = Pn(x), dv = f(x). Ïîñëå ýòîãî íàõîäèì

du = d(Pn(x)) è v =
∫
f(x)dx. Çàìåòèì, ÷òî ïðè íàõîæäåíèè ôóíêöèè v êîíñòàíòó C íå

ïèøåì.

2)
∫
Pn(x)eαxdx, ãäå Pn(x) � ìíîãî÷ëåí ñòåïåíè n îò ïåðåìåííîé x. Â ýòîì ñëó÷àå

ðàçäåëÿåì ïîäûíòåãðàëüíîå âûðàæåíèå ñëåäóþùèì îáðàçîì: u(x) = Pn(x), dv = eαxdx.

Ïîñëå ýòîãî íàõîäèì du = d(Pn(x)) è v =
∫
eαxdx = 1

α
eαx.

3)
∫
Pn(x)f(x)dx, ãäå Pn(x) � ìíîãî÷ëåí ñòåïåíè n îò ïåðåìåííîé x, à f(x) = lnx,

arcsinαx, arccosαx, arctgαx, arcctgαx, ò.å. ôóíêöèÿ f(x) íå èìååò òàáëè÷íóþ ïåðâî-

îáðàçíóþ, â ýòîì ñëó÷àå ðàçäåëÿåì ïîäûíòåãðàëüíîå âûðàæåíèå ñëåäóþùèì îáðàçîì:

u(x) = f(x), dv = Pn(x)dx. Ïîñëå ýòîãî íàõîäèì du = d(f(x)) è v =
∫
Pn(x)dx.

4)
∫
eαxf(x)dx, ãäå f(x) = sin βx, cos βx, â ýòîì ñëó÷àå ðàçäåëÿåì ïîäûíòåãðàëüíîå

âûðàæåíèå ñëåäóþùèì îáðàçîì: u(x) = eαx, dv = f(x)dx.

Ïðèìåðû.

1.

∫
x sin dx =

∣∣∣∣∣∣∣
u = x, dv = sin dx

du = dx∫
sinxdx = − cosx

∣∣∣∣∣∣∣ = x·(− cosx)−
∫

(− cosx)dx = −x·cosx+

∫
cosxdx =

= −x · cosx+ sinx+ C.

2. ∫
(2x+ 1) · exdx =

∣∣∣∣∣∣∣
u = 2x+ 1, du = 2dx

dv = exdx

v =
∫
exdx = ex

∣∣∣∣∣∣∣ = (2x+ 1) · ex −
∫
ex · 2dx =

= (2x+ 1) · ex − 2

∫
ex · dx = (2x+ 1) · ex − 2ex + C.

3. ∫
arctg xdx =

∣∣∣∣∣∣∣
u = arctg x, dv = dx

du = dx
1+x2

,

v =
∫
dx = x

∣∣∣∣∣∣∣ = x · arctg x−
∫

x

1 + x2
dx =

= x · arctg x− 1

2

∫
d(1 + x2)

1 + x2
= x · arctg x− 1

2
ln(1 + x2) + C.

4. ∫
(3x+ 2) ln(2x+ 3)dx =

∣∣∣∣∣∣∣
u = ln(2x+ 3), dv = (3x+ 2)dx

du = 2dx
2x+3

v =
∫

(3x+ 2)dx = 3x2

2
+ 2x

∣∣∣∣∣∣∣ =

=

(
3x2

2
+ 2x

)
· ln(2x+ 3)−

∫ (
3x2

2
+ 2x

)
dx

2x+ 3
.
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Âûäåëèì â ïîäûíòåãðàëüíîé ôóíêöèè öåëóþ ÷àñòü.

3x2

2
+ 2x

2x+ 3
=

3

4
x− 1

8
+

3

8
· 1

2x+ 3
.

Ïðîèíòåãðèðóåì ïîëó÷åííîå âûðàæåíèå:∫ 3x2

2
+ 2x

2x+ 3
dx =

∫ (
3

4
x− 1

8
+

3

8
· 1

2x+ 3

)
dx =

=
3

4

∫
3

4
xdx− 1

8

∫
dx+

3

8

∫
dx

2x+ 3
=

3

4

x2

2
− 1

8
· x+

3

8
· 1

2
·
∫
d(2x+ 3)

2x+ 3
=

3x2

8
− 1

8
· x+

3

16
· ln |2x+ 3|.

Âîçâðàùàåìñÿ ê ðåøåíèþ ïðèìåðà:(
3x2

2
+ 2x

)
· ln(2x+ 3)− 3x2

8
+

1

8
· x+

3

16
· ln |2x+ 3|+ C.

5. ∫ √
4− x2dx =

∫
(
√

4− x2)(
√

4− x2)√
4− x2

dx =

∫
4− x2√
4− x2

dx = 4

∫
dx√

4− x2
−
∫

x2dx√
4− x2

=

= 4 · arcsin
x

2
−
∫

x2dx√
4− x2

=

∣∣∣∣∣∣∣∣
u = x, du = dx

dv = xdx√
4−x2

v = −1
2

∫ d(4−x2)√
4−x2 = −1

2
· (4−x

2)
1
2

1
2

= −(4− x2) 1
2

∣∣∣∣∣∣∣∣ =

4 · arcsin
x

2
+ x · (4− x2)

1
2 −

∫
(4− x2)

1
2dx.

Ïðèâåäåì ïîäîáíûå â ïîëó÷åííîì ðàâåíñòâå, ïîëó÷èì:∫ √
4− x2dx = 2 · arcsin

x

2
+
x · (4− x2) 1

2

2
+ C.

3.1.7. Èíòåãðèðîâàíèå äðîáíî-ðàöèîíàëüíûõ ôóíêöèé

Âñÿêóþ ðàöèîíàëüíóþ ôóíêöèþ ìîæíî ïðåäñòàâèòü â âèäå ðàöèîíàëüíîé äðîáè, ò.å. â

âèäå îòíîøåíèÿ äâóõ ìíîãî÷ëåíîâ:

Q(x)

P (x)
=

A0x
n + A1x

n−1 + A2x
n−2 + · · ·+ An

B0xm +B1xm−1 +B2xm−2 + · · ·+Bm

.

Áóäåì ïðåäïîëàãàòü, ÷òî ìíîãî÷ëåíû íå èìåþò îáùèõ êîðíåé.

Äðîáü íàçûâàåòñÿ ïðàâèëüíîé, åñëè ñòåïåíü ìíîãî÷ëåíà ÷èñëèòåëÿ ìåíüøå ñòåïåíè

çíàìåíàòåëÿ, ò.å. n < m, èíà÷å äðîáü íàçûâàåòñÿ íåïðàâèëüíîé.
Åñëè äðîáü íåïðàâèëüíàÿ, òî ðàçäåëèâ ìíîãî÷ëåí, ñòîÿùèé â ÷èñëèòåëå íà ìíîãî÷ëåí,

ñòîÿùèé â çíàìåíàòåëå, ìîæíî ïðåäñòàâèòü äðîáü â âèäå ñóììû ìíîãî÷ëåíà è ïðàâèëüíîé

äðîáè.
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Q(x)

P (x)
= M(x) +

F (x)

P (x)
,

ãäå äðîáü F (x)
P (x)

� ïðàâèëüíàÿ.

Íàïðèìåð, äðîáü
x4 − 3

x2 + 2x+ 1
= x2 − 2x+ 3− 4x+ 6

x2 + 2x+ 1
.

Ëþáàÿ ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü ìîæåò áûòü ïðåäñòàâëåíà â âèäå ñóììû ïðî-

ñòåéøèõ ðàöèîíàëüíûõ äðîáåé. Ñóùåñòâóþò ïðîñòåéøèå äðîáè 4-õ òèïîâ:

1.
A

x− a

2.
A

(x− a)k
, ãäå k − öåëîå ïîëîæèòåëüíîå ÷èñëî ≥ 2

3.
Ax+B

x2 + px+ q
, ãäå D = p2 − 4q < 0

4.
Ax+B

(x2 + px+ q)k
, ãäå k − öåëîå ïîëîæèòåëüíîå ÷èñëî ≥ 2 è D = p2 − 4q < 0.

Çäåñü A, B, a, p, q � äåéñòâèòåëüíûå ÷èñëà.

Ðàññìîòðèì èíòåãðàëû îò ïðîñòåéøèõ äðîáåé:

1.

∫
Adx

x− a
= A

∫
dx

x− a
= A

∫
d(x− a)

x− a
= A ln |x− a|+ C.

2.

∫
Adx

(x− a)k
= A

∫
(x− a)−kdx = A

(x− a)−k+1

−k + 1
+ C.

3.

∫
(Ax+B)dx

x2 + px+ q
=

∫
Axdx

x2 + px+ q
+

Bdx

x2 + px+ q
=

∫
1

2

A(2x+ p− p)
x2 + px+ q

dx+

+

∫
Bdx

x2 + px+ q
=
A

2

∫
(2x+ p)dx

x2 + px+ q
+

(
B − Ap

2

)∫
dx

x2 + px+ q
=

=
A

2

∫
d(x2 + px+ q)

x2 + px+ q
+

(
B − Ap

2

)∫
dx

x2 + px+ q
=
A

2
ln |x2 + px+ q|+

+

(
B − Ap

2

)∫
dx(

x2 + 2p
2
x+

(
p
2

)2)− (p
2

)2
+ q

=
A

2
ln |x2 + px+ q|+

+

(
B − Ap

2

)∫
dx(

x+ p
2

)2
+
(
q −

(
p
2

)2)
Ïåðåîáîçíà÷èì

q −
(p

2

)2
= ±k2 è ñäåëàåì çàìåíó t = x+

p

2
, dt = dx.

Òîãäà ïîëó÷èì:
A

2
ln |x2 + px+ q|+

(
B − Ap

2

)∫
dt

t2 ± k2
.
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Ïîêàæåì, ÷òî âñÿêóþ ðàöèîíàëüíóþ äðîáü ìîæíî ïðåäñòàâèòü â âèäå ïðîñòåéøèõ äðî-

áåé. Ïóñòü äàíà ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü F (x)
P (x)

. Áóäåì ïðåäïîëàãàòü, ÷òî êîýôôèöè-

åíòû âõîäÿùèõ â äðîáü ìíîãî÷ëåíîâ, äåéñòâèòåëüíûå ÷èñëà è äàííàÿ äðîáü íåñîêðàòèìà.

Òåîðåìà 1. Ïóñòü x = a � êîðåíü çíàìåíàòåëÿ êðàòíîñòè k, ò.å. P (x) = (x− a)kP1(x),

ãäå P1(a) 6= 0, òîãäà äàííóþ ïðàâèëüíóþ äðîáü F (x)
P (x)

ìîæíî ïðåäñòàâèòü â âèäå ñóììû äâóõ

äðóãèõ ïðàâèëüíûõ äðîáåé ñëåäóþùèì îáðàçîì:

F (x)

P (x)
=

A

(x− a)k
+

F1(x)

(x− a)k−1P1(x)
,

ãäå A � ïîñòîÿííàÿ, F1(x) � ìíîãî÷ëåí, ñòåïåíü êîòîðîãî íèæå ñòåïåíè çíàìåíàòåëÿ

(x− a)k−1P1(x).

Ñëåäñòâèå. Ê ïðàâèëüíîé ðàöèîíàëüíîé äðîáè F1(x)
(x−a)k−1P1(x)

ìîæíî ïðèìåíÿòü àíàëî-

ãè÷íûå ðàññóæäåíèÿ, â èòîãå, åñëè çíàìåíàòåëü èìååò êîðåíü x = a ñòåïåíè k, òî ìîæíî

íàïèñàòü:

F (x)

P (x)
=

A

(x− a)k
+

A1

(x− a)k−1
+

A2

(x− a)k−2
+ · · ·+ Ak−1

(x− a)
+
Fk(x)

P1(x)
,

ãäå äðîáü Fk(x)
P1(x)

� ïðàâèëüíàÿ íåñîêðàòèìàÿ äðîáü. Ê ýòîé äðîáè ìîæíî ïðèìåíèòü òåîðåìó

1, åñëè P1(x) èìååò äðóãèå äåéñòâèòåëüíûå êîðíè.

Òåîðåìà 2. Åñëè P (x) = (x2 + px+ q)µϕ1(x), ãäå x2 + px+ q íå èìååò äåéñòâèòåëüíûõ

êîðíåé è ìíîãî÷ëåí ϕ1(x) íå äåëèòñÿ íà x2 + px+ q, òî ïðàâèëüíóþ ðàöèîíàëüíóþ äðîáü

ìîæíî ïðåäñòàâèòü â âèäå ñóììû äâóõ äðóãèõ ïðàâèëüíûõ äðîáåé ñëåäóþùèì îáðàçîì:

F (x)

P (x)
=

Mx+N

(x2 + px+ q)µ
+

Φ1(x)

(x2 + px+ q)µ−1ϕ1(x)
,

ãäå Φ1(x) � ìíîãî÷ëåí ñòåïåíè íèæå ñòåïåíè ìíîãî÷ëåíà (x2 + px+ q)µ−1ϕ1(x).

Ïðèìåíèì òåîðåìû 1 è 2 ê ïðàâèëüíîé ðàöèîíàëüíîé äðîáè F (x)
P (x)

è âûäåëèì âñå ïðîñòåé-

øèå äðîáè, ñîîòâåòñòâóþùèå êîðíÿì çíàìåíàòåëÿ, òàêèì îáðàçîì, âûòåêàåò ñëåäóþùèé

ðåçóëüòàò: åñëè P (x) = (x− a)α · · · · · (x− b)β · (x2 + px + q)µ · · · · · (x2 + lx + n)ν , òî äðîáü
F (x)
P (x)

ìîæåò áûòü ïðåäñòàâëåíà â âèäå:

F (x)

P (x)
=

A

(x− a)α
+

A1

(x− a)α−1
+

A2

(x− a)α−2
+ · · ·+ Aα−1

(x− a)
+ · · ·+

B

(x− b)β
+

B1

(x− b)β−1
+

B2

(x− b)β−2
+ · · ·+ Bβ−1

(x− b)
+

+
Mx+N

(x2 + px+ q)µ
+

M1x+N1

(x2 + px+ q)µ−1
+ · · ·+ Mµ−1x+Nµ−1

(x2 + px+ q)
+ · · ·+

+
Kx+ L

(x2 + lx+ n)ν
+

K1x+ L1

(x2 + lx+ n)ν−1
+ · · ·+ Kν−1x+ Lν−1

(x2 + lx+ n)
.

Ïîñëå ðàçëîæåíèÿ íàõîäèì âñå êîýýôèöèåíòû A, A1, A2, . . . , Aα−1, B, B1, B2, . . . , Bβ−1,

M , M1, M2, . . . ,Mµ−1, N , N1, N2, . . . , Nµ−1, K, K1, K2, . . . , Kν−1, L, L1, L2, . . . , Lν−1. Äëÿ

ýòîãî âñþ ïðàâóþ ÷àñòü ïðèâîäèì ê îáùåìó çíàìåíàòåëþ. Äàëåå, ïîëó÷àåì ðàâåíñòâî
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äâóõ ðàöèîíàëüíûõ äðîáåé, ó êîòîðûõ çíàìåíàòåëè îäèíàêîâûå. Òòàêèì îáðàçîì, îñòàåòñÿ

ïðèðàâíÿòü ÷èñëèòåëè. À èìåííî, ïðèðàâíÿåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ

ïåðåìåííîé x ñëåâà è ñïðàâà, ïîëó÷èì ñèñòåìó äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ, ðåøàÿ

åå, íàõîäèì íåèçâåñòíûå A, A1, A2, . . . , Aα−1, B, B1, B2, . . . , Bβ−1,M ,M1,M2, . . . ,Mµ−1, N ,

N1, N2, . . . , Nµ−1, K, K1, K2, . . . , Kν−1, L, L1, L2, . . . , Lν−1.

Ïðèìåðû.

1. Íàéòè èíòåãðàë âèäà ∫
x2 + 2

(x+ 1)3(x− 2)
dx.

Îòìåòèì, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ ïðàâèëüíîé ðàöèîíàëüíîé äðî-

áüþ, ò.ê. ñòåïåíü ìíîãî÷ëåíà ÷èñëèòåëÿ ðàâíà 2, à ñòåïåíü ìíîãî÷ëåíà çíàìåíàòåëÿ

ðàâíà 4. Ïîýòîìó åå ìîæíî ïðåäñòàâèòü â âèäå ñóììû ïðîñòåéøèõ äðîáåé. Ïîñêîëü-

êó çíàìåíàòåëü � ìíîãî÷ëåí, èìåþùèé òîëüêî äåéñòâèòåëüíûå êîðíè, òî íàøà äðîáü

áóäåò ðàçëîæåíà â ñóììó ïðîñòåéøèõ äðîáåé I è II òèïîâ.

Ðàçëîæèì åå â ñóììó ïðîñòåéøèõ äðîáåé:

x2 + 2

(x+ 1)3(x− 2)
=

A

x− 2
+

B

(x+ 1)3
+

C

(x+ 1)2
+

D

(x+ 1)
.

Ïðèâåäåì ïðàâóþ ÷àñòü ê îáùåìó çíàìåíàòåëþ, ïîëó÷èì

A(x+ 1)3 +B(x− 2) + C(x− 2)(x+ 1) +D(x− 2)(x+ 1)2

(x+ 2)(x+ 1)3
.

x2 + 2

(x+ 1)3(x− 2)
=

=
A(x3 + 3x2 + 3x+ 1) +B(x− 2) + C(x2 − x− 2) +D(x3 + 2x2 + x− 2x2 − 4x− 2)

(x+ 1)3(x− 2)
=

=
A(x3 + 3x2 + 3x+ 1) +B(x− 2) + C(x2 − x− 2) +D(x3 − 3x− 2)

(x+ 1)3(x− 2)

Ñîñòàâèì ñèñòåìó óðàâíåíèé äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ A, B, C, D.


A+D = 0

3A+ C = 1

3A+B − C − 3D = 0

A− 2B − 2C − 2D = 2

Ðåøàÿ ýòó ñèñòåìó, íàõîäèì êîýôôèöèåíòû.

C = 1−3A, D = −A, 3A+B− (1−3A)−3(−A) = 0, A−2B−2(1−3A)−2(−A) = 2.
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C = 1− 3A

D = −A
9A+B = 1

9A− 2B = 4

=⇒


C = 1− 3A

D = −A
3B = −3

9A− 2B = 4

=⇒


C = 1− 3A

D = −A
B = −1

9A− 2(−1) = 4

=⇒


C = 1− 3A

D = −A
B = −1

9A = 2

=⇒


C = 1− 3(2

9
) = 1− 2

3
= 1

3

D = −2
9

B = −1

A = 2
9

=⇒


C = 1

3

D = −2
9

B = −1

A = 2
9

Èòîãî, èìååì:

x2 + 2

(x+ 1)3(x− 2)
=

2

9(x− 2)
+

−1

(x+ 1)3
+

1

3(x+ 1)2
+

−2

9(x+ 1)
.

Òîãäà èíòåãðèðóÿ ëåâóþ è ïðàâóþ ÷àñòü ðàâåíñòâà, áóäåì èìåòü:∫
x2 + 2

(x+ 1)3(x− 2)dx
=

∫ (
2

9(x− 2)
+

−1

(x+ 1)3
+

1

3(x+ 1)2
+

−2

9(x+ 1)

)
dx =

=
2

9
ln |x− 2| − (x+ 1)−2

−2
− (x+ 1)−1

3
− 2

9
ln |x+ 1|+ C.

2. Íàéòè èíòåãðàë âèäà ∫
xdx

(x2 + 1)(x− 1)
dx.

Îòìåòèì, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ ïðàâèëüíîé ðàöèîíàëüíîé äðî-

áüþ, ò.ê. ñòåïåíü ìíîãî÷ëåíà ÷èñëèòåëÿ ðàâíà 1, à ñòåïåíü ìíîãî÷ëåíà çíàìåíàòåëÿ

ðàâíà 3. Ïîýòîìó åå ìîæíî ïðåäñòàâèòü â âèäå ñóììû ïðîñòåéøèõ äðîáåé. Ïîñêîëü-

êó çíàìåíàòåëü � ìíîãî÷ëåí, èìåþùèé äåéñòâèòåëüíûé êîðåíü 1 è êîìïëåêñíûå

êîðíè, òî íàøà äðîáü áóäåò ðàçëîæåíà â ñóììó ïðîñòåéøèõ äðîáåé I è III òèïîâ.

x

(x2 + 1)(x− 1)
=

A

x− 1
+
Bx+ C

(x2 + 1)
.

Ïðèâåäåì ïðàâóþ ÷àñòü ê îáùåìó çíàìåíàòåëþ, ïîëó÷èì

A(x2 + 1) +Bx(x− 1) + C(x− 1)

(x− 1)(x2 + 1)
=

x

(x2 + 1)(x− 1)
=

=
Ax2 +Bx2 −Bx+ Cx+ A− C

(x2 + 1)(x− 1)

Ñîñòàâèì ñèñòåìó óðàâíåíèé äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ A, B, C.
A+B = 0

−B + C = 1

A− C = 0

=⇒


B = −A
A+ A = 1

C = A

=⇒


B = −A
2A = 1

C = A

=⇒


B = −1

2

A = 1
2

C = 1
2

∫
xdx

(x2 + 1)(x− 1)
=

∫
dx

2(x− 1)
−
∫

1

2

(x− 1)dx

(x2 + 1)
=

1

2
ln |x− 1| − 1

2

1

2

∫
d(x2 + 1)

(x2 + 1)
+

+
1

2

∫
dx

(x2 + 1)
=

1

2
ln |x− 1| − 1

4
ln |x2 + 1|+ 1

2
arctg x+ C.

84



3. Ðàññìîòðèì èíòåãðàë∫
(x− 1)

(x2 + 2x+ 3)2
dx =

∣∣∣∣∣ âûäåëèì â ÷èñëèòåëå ïðîèçâîäíóþ ìíîãî÷ëåíà

(x2 + 2x+ 3)′ = 2x+ 2

∣∣∣∣∣ =

=

∫
(2x+ 2− 2− 1)dx

2(x2 + 2x+ 3)2
=

∫
(2x+ 2)dx

2(x2 + 2x+ 3)2
−
∫

3dx

2(x2 + 2x+ 3)2
=

=

∫
d(x2 + 2x+ 3)

2(x2 + 2x+ 3)2
−
∫

4dx

2(x2 + 2x+ 3)2
=

1

2

∫
(x2 + 2x+ 3)−2d(x2 + 2x+ 3) =

− 2dx

(x2 + 2x+ 3)2
=

1

2

(x2 + 2x+ 3)−1

−1
− 2

∫
dx

[(x+ 1)2 + 2]2

Ðàññìîòðèì îòäåëüíî∫
dx

[(x+ 1)2 + 2]2
=

∣∣∣∣∣ x+ 1 = t

dx = dt

∣∣∣∣∣ =

∫
dt

[t2 + 2]2
=

∫
[t2 + 2]− t2

2[t2 + 2]2
dt =

=
1

2

∫
dt

[t2 + 2]
−1

2

∫
t2dt

2[t2 + 2]2
=

1

2
· 1√

2
arctg

t√
2
−1

2

(
−t

2[t2 + 2]
+

1

2
√

2
arctg

t√
2

)
+C =

=
t

4[t2 + 2]
− 1

4
√

2
arctg

t√
2

+ C =
x+ 1

4(x2 + 2x+ 3)
− 1

4
√

2
arctg

x+ 1√
2

+ C.

∫
t2dt

2[t2 + 2]2
=

∫
1

2

td(t2)

2[t2 + 2]2
=

∣∣∣∣u = t, dv =
d(t2)

2[t2 + 2]2
, du = dt, v =

−1

2[t2 + 2]

∣∣∣∣ =

= t · −1

2[t2 + 2]
−
∫

−1

2[t2 + 2]
dt =

−t
2[t2 + 2]

− 1

2
√

2
arctg

t√
2

+ C.

3.1.8. Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé

Ðàññìîòðèì èíòåãðàë âèäà
∫
R(sinx, cosx)dx, R� ðàöèîíàëüíàÿ ôóíêöèÿ îò sinx, cosx.

Äëÿ ñâåäåíèÿ òàêîãî èíòåãðàëà ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíêöèè, çàâèñÿùåé îò t,

èñïîëüçóþòñÿ ñëåäóþùèå ïîäñòàíîâêè.

1. Åñëè ïîäûíòåãðàëüíàÿ ôóíêöèÿ íå÷åòíà îòíîñèòåëüíî sinx, ò.å. R(sinx, cosx) =

= −R(sinx, cosx), òî ïîäñòàíîâêà t = cosx ðàöèîíàëèçèðóåò ïîäûíòåãðàëüíóþ ôóíê-

öèþ.

2. Åñëè ïîäûíòåãðàëüíàÿ ôóíêöèÿ íå÷åòíà îòíîñèòåëüíî cosx, ò.å. R(sinx,− cosx) =

= −R(sinx, cosx), òî ïîäñòàíîâêà t = sinx ðàöèîíàëèçèðóåò ïîäûíòåãðàëüíóþ ôóíê-

öèþ.

3. Åñëè ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÷åòíà îòíîñèòåëüíî sinx è cosx, ò.å.R(− sinx,− cosx) =

= R(sinx, cosx), òî ïîäñòàíîâêà t = tg x ðàöèîíàëèçèðóåò ïîäûíòåãðàëüíóþ ôóíê-

öèþ.

4. Åñëè ïîäûíòåãðàëüíàÿ ôóíêöèÿ èìååò âèä R(tg x), òî èñïîëüçóåì ïîäñòàíîâêó t =

tg x.
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5. Â îñòàëüíûõ ñëó÷àÿõ èñïîëüçóåì óíèâåðñàëüíóþ òðèãîíîìåòðè÷åñêóþ ïîäñòàíîâêó:

t = tg x
2
, òîãäà sinx = 2t

1+t2
, cosx = 1−t2

1+t2
, dx = 2dt

1+t2
. È ñâîäèì èíòåãðàë îò òðèãîíî-

ìåòðè÷åñêîé ôóíêöèè ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíêöèè.

1. Ðàññìîòðèì èíòåãðàë òèïà
∫

sinn x · cosm xdx.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ ñîäåðæèò ïðîèçâåäåíèå sinn x · cosm x. Ïóñòü äëÿ îïðå-

äåëåííîñòè n � ÷åòíî, m � íå÷åòíî. Òîãäà äåëàåì çàìåíó t = sinx è dt = cosxdx.

Ïóñòü òåïåðü n � íå÷åòíî, m � ÷åòíî. Òîãäà äåëàåì çàìåíó t = cosx è dt = sinxdx.

2. Ïîäûíòåãðàëüíàÿ ôóíêöèÿ ñîäåðæèò ïðîèçâåäåíèå sinn x · cosm x. Ïóñòü äëÿ îïðåäå-

ëåííîñòè n � ÷åòíî, m � ÷åòíî. Òîãäà ïðèìåíèì ôîðìóëû ïîíèæåíèÿ ñòåïåíè

sin2 x =
1− cos 2x

2
, cos2 x =

1 + cos 2x

2
.

Èëè ìîæíî ïðèìåíèòü âûðàæåíèå ôóíêöèé ÷åðåç tg x, èñïîëüçóÿ ôîðìóëû:

cos2 x =
1

1 + tg2 x
, sin2 x =

1

1 + ctg2 x
=

tg2 x

1 + tg2 x
.

Òîãäà ïðèìåíÿåì çàìåíó t = tg x, x = arctg t, dx = dt
1+t2

.

3. Èíòåãðàëû âèäà:
∫

sinαx cos βxdx,
∫

sinαx sin βxdx,
∫

cosαx cos βxdx ìîæíî íàéòè,

èñïîëüçóÿ ñëåäóþùèå òðèãîíîìåòðè÷åñêèå ôîðìóëû:

cosαx cos βx =
1

2
[cos(α + β)x+ cos(α− β)x];

sinαx sin βx =
1

2
[− cos(α + β)x+ cos(α− β)x];

sinαx cos βx =
1

2
[sin(α + β)x+ sin(α− β)x].

Ïðèìåðû.

1. ∫
sin3 x

2 + cos x
dx =

∣∣∣∣∣ t = cosx

dt = − sinxdx

∣∣∣∣∣ =

∫
sin2 x · sinxdx

2 + cos x
=

∫
(1− cos2 x) · sinxdx

2 + cos x
=

=

∫
(1− t2)(−dt)

2 + t
=

∫
t2 − 1

t+ 2
dt =

∫ (
t− 2 +

3

t+ 2

)
dt =

t2

2
− 2t+ 3 ln |t+ 2|+ C =

=
cos2 x

2
− 2 cosx+ 3 ln | cosx+ 2|+ C.

2. ∫
sin4 xdx =

∫
(sin2 x)2dx =

∫ (
1− cos 2x

2

)2

dx =
1

4

∫
(1− 2 cos 2x+ cos2 2x)dx =

=
1

4
x− 1

2

∫
cos 2xdx+

1

4

∫ (
1 + cos 4x

2

)
dx =

1

4
x− 1

4
sin 2x+

1

8
x+

1

32
sin 4x =

=
3

8
x− 1

4
sin 2x+

1

32
sin 4x+ C.
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3. ∫
sin2 x

cos6 x
dx =

∫
sin2 x

cos2 x
· 1

cos4 x
dx =

∫
tg x · 1

cos2 x
· dx

cos2 x
=

=

∫
tg2 x · (1 + tg2 x) · dx

cos2 x
=

∣∣∣∣tg x = t, dt =
dx

cos2 x
=

∣∣∣∣ =

=

∫
t2(1 + t2)dt =

∫
(t2 + t4)dt =

t3

3
+
t5

5
+ C =

tg3 x

3
+

tg5 x

5
+ C.

4. ∫
dx

2− sin2 x
=

∣∣∣∣sin2 x =
tg2 x

1 + tg2 x
=

t2

t2 + 1
, dx =

dt

t2 + 1

∣∣∣∣ ∫ dt

(t2 + 1)

(
2− t2

t2 + 1

)
=

=

∫
dt

t2 + 2
=

1√
2

arctg
t√
2

+ C =
1√
2

arctg
tg x√

2
+ C

5. ∫
sin 2x sin 3xdx =

1

2

∫
[− cos(2+3)x+cos(2−3)x]dx = −1

2

∫
cos 5xdx+

1

2

∫
cosxdx =

= −1

2

1

5
sin 5x+

1

2
sinx+ C = − 1

10
sin 5x+

1

2
sinx+ C.

3.1.9. Èíòåãðèðîâàíèå èððàöèîíàëüíûõ ôóíêöèé

1. Ðàññìîòðèì èíòåãðàë âèäà:∫
R

(
x,

(
ax+ b

cx+ d

)m
n

, · · · ,
(
ax+ b

cx+ d

) r
s

)
dx.

Ýòîò èíòåãðàë ñâîäèòñÿ ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíêöèè ñ ïîìîùüþ ïîäñòà-

íîâêè: ax+b
cx+d

= tk, ãäå k � îáùèé çíàìåíàòåëü äðîáåé m
n
, · · · , r

s
.

Ïðèìåð. Íàéòè íåîïðåäåëåííûé èíòåãðàë:∫ √
x+ 4

x
dx

∣∣∣∣∣ x+ 4 = t2

dx = 2tdt

∣∣∣∣∣ =

∫ √
t2

t2 − 4
2tdt = 2

∫
t2

t2 − 4
dt

= 2

∫
t2 − 4 + 4

t2 − 4
= 2

∫
dt+ 8

∫
dt

t2 − 4
= 2t+ 8

1

2 · 2
ln

∣∣∣∣t− 2

t+ 2

∣∣∣∣ =

= 2

(√
x+ 4 + 2 ln

∣∣∣∣√x+ 4− 2√
x+ 4 + 2

∣∣∣∣)+ C.

2. Ðàññìîòðèì èíòåãðàëû âèäà:∫
R(x,

√
a2 − x2)dx,

∫
R(x,

√
a2 + x2)dx,

∫
R(x,

√
x2 − a2)dx.

Ýòè èíòåãðàëû ïðèâîäÿòñÿ ê èíòåãðàëàì, ðàöèîíàëüíî çàâèñÿùèì îò òðèãîíîìåòðè-

÷åñêèõ ôóíêöèé, ñ ïîìîùüþ òðèãîíîìåòðè÷åñêèõ ïîäñòàíîâîê:
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√
a2 − x2 → x = a · sin t
√
a2 + x2 → x = a · tg t

x2 − a2 → x =
a

cos t
.

Ïðèìåð. Íàéòè íåîïðåäåëåííûé èíòåãðàë∫
dx

(
√

9− x2)3
=

∣∣∣∣∣ x = 3 sin t

dx = 3 cos tdt

∣∣∣∣∣ =

∫
3 cos tdt

(
√

9− 9 sin2 t)3
=

∫
3 cos tdt

27 cos3 t
dt =

=
1

9

∫
dt

cos2 t
=

1

9
tg t+ C.

3.2. Îïðåäåëåííûé èíòåãðàë

3.2.1. Ïîíÿòèå îïðåäåëåííîãî èíòåãðàëà

Ïóñòü íåîòðèöàòåëüíàÿ è íåïðåðûâíàÿ ôóíêöèÿ y = f(x) îïðåäåëåíà íà îòðåçêå [a, b].

q -

6

O
x

y

r
c1

r
c2

q
x3

r
c3

q
x4

r
c4

q
x5

r
c5

q
x6

r
c5

q
x7
r q r q r q r q r q rq

a
x1

q
x2

q
b
xn+1

1. Ðàçîáüåì îòðåçîê [a, b] íà n ÷àñòè÷íûõ îòðåçêîâ òî÷êàìè: x1 = a, x2, x3, . . . , xn+1 = b,

ïðè÷åì x1 < x2 < . . . < xn+1. Òàêèì îáðàçîì, ïîëó÷èì ÷àñòè÷íûå îòðåçêè

[x1, x2], [x2, x3], . . . [xn, xn+1].

2. Â êàæäîì ÷àñòè÷íîì îòðåçêå [xi, xi+1], i = 1, 2, . . . , n, âûáåðåì òî÷êó ci, i = 1, 2, . . . , n.

3. Âû÷èñëèì çíà÷åíèå ôóíêöèè â òî÷êå ci, ò.å. f(ci), i = 1, 2, . . . , n.

4. Íà êàæäîì ÷àñòè÷íîì îòðåçêå [xi, xi+1] êàê íà îñíîâàíèè ïîñòðîèì ïðÿìîóãîëüíèê

ñ âûñîòîé f(xi).

5. Îáîçíà÷èì äëèíó i-ãî îòðåçêà ÷åðåç4xi, ò.å.4xi = xi+1−xi. Îáîçíà÷èì λ = max4xi,
i = 1, 2, . . . , n.
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6. Ñîñòàâèì ñóììó ïðîèçâåäåíèé:

Sn = f(c1) · 4x1 + f(c2) · 4x2 + · · ·+ f(cn) · 4xn =
n∑
i=1

f(ci) · 4xi (∗).

Ïîëó÷åííàÿ ñóììà (*) íàçûâàåòñÿ èíòåãðàëüíîé ñóììîé ôóíêöèè y = f(x) íà îò-

ðåçêå [a, b].

7. Íàéäåì ïðåäåë èíòåãðàëüíîé ñóììû (*), êîãäà n→∞ òàê, ÷òî λ→ 0. Åñëè ïðè ýòîì

èíòåãðàëüíàÿ ñóììà Sn èìååò ïðåäåë I, êîòîðûé íå çàâèñèò íè îò ñïîñîáà ðàçáèåíèÿ

îòðåçêà [a, b] íà ÷àñòè÷íûå îòðåçêè, íè îò âûáîðà òî÷åê â íèõ, òî ÷èñëî I íàçûâàåòñÿ

îïðåäåëåííûì èíòåãðàëîì îò ôóíêöèè y = f(x) íà îòðåçêå [a, b] è îáîçíà÷àåòñÿ

b∫
a

f(x)dx = lim
n→∞
(λ→ 0)

n∑
i=1

f(ci) · 4xi.

×èñëî a íàçûâàåòñÿ íèæíèì ïðåäåëîì èíòåãðèðîâàíèÿ, b� âåðõíèì ïðåäåëîì èíòå-

ãðèðîâàíèÿ.

È ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà (íåîáõîäèìîå óñëîâèå èíòåãðèðóåìîñòè.) Åñëè ôóíêöèÿ y = f(x) íåïðåðûâíà

íà [a, b], òî îíà èíòåãðèðóåìà íà ýòîì îòðåçêå , ò.å. äëÿ íåå ñóùåñòâóåò îïðåäåëåííûé

èíòåãðàë
b∫

a

f(x) dx.

3.2.2. Ãåîìåòðè÷åñêèé ñìûñë îïðåäåëåííîãî èíòåãðàëà

Âåðíåìñÿ ê îïðåäåëåíèþ îïðåäåëåííîãî èíòåãðàëà.

Îïðåäåëåíèå. Ôèãóðà, îãðàíè÷åííàÿ ñâåðõó ãðàôèêîì ôóíêöèè y = f(x), ñíèçó �

îñüþ Ox, ñëåâà è ñïðàâà âåðòèêàëüíûìè ïðÿìûìè x = a è x = b ñîîòâåòñòâåííî, íàçûâà-

åòñÿ êðèâîëèíåéíîé òðàïåöèåé.
Â ïóíêòå 3.2.1 èçîáðàæåíà êðèâîëèíåéíàÿ òðàïåöèÿ. Îáîçíà÷èì åå ïëîùàäü ÷åðåç S,

à ñóììó ïëîùàäåé ïðÿìîóãîëüíèêîâ íà ýòîì ðèñóíêå ÷åðåç Sn. Î÷åâèäíî, Sn ≈ S. Ïðè-

áëèæåííîå ðàâåíñòâî áóäåò òî÷íåå, åñëè n → ∞. Òàêèì îáðàçîì, S áóäåò ðàâíî ïðåäåëó

Sn ïðè n→∞.

S = lim
n→∞

Sn.

Ó÷èòûâàÿ, ÷òî

Sn =
n∑
i=1

f(ci) · 4xi
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èìååì

S =

b∫
a

f(x) dx.

Â ýòîì è ñîñòîèò ãåîìåòðè÷åñêèé ñìûñë îïðåäåëåííîãî èíòåãðàëà.

3.2.3. Ôîðìóëà Íüþòîíà-Ëåéáíèöà

Ìåæäó íåîïðåäåëåííûì è îïðåäåëåííûì èíòåãðàëîì ñóùåñòâóþò ðàçëè÷èÿ. Îïðåäåëåí-

íûé èíòåãðàë � ýòî ÷èñëî, à íåîïðåäåëåííûé èíòåãðàë � ìíîæåñòâî ôóíêöèé. Îäíàêî,

ìåæäó íèìè ñóùåñòâóåò âçàèìîñâÿçü, âûðàæàåìàÿ ôîðìóëîé Íüþòîíà-Ëåéáíèöà.

b∫
a

f(x) dx = F (x)|ba = F (b)− F (a).

2∫
1

x2 dx =
x3

3

∣∣∣∣2
1

=
23

3
− 13

3
=

8

3
− 1

3
=

7

3
.

3.2.4. Ñâîéñòâà îïðåäåëåíîãî èíòåãðàëà

1. Ëèíåéíûå ñâîéñòâà.

(a) Äëÿ ëþáûõ íåïðåðûâíûõ ôóíêöèé f(x) è g(x) èíòåãðàë îò ñóììû (ðàçíîñòè)

ýòèõ ôóíêöèé ðàâåí ñóììå (ðàçíîñòè) èíòåãðàëîâ îò ýòèõ ôóíêöèé:

b∫
a

(f(x)± g(x)) dx =

b∫
a

f(x) dx±
b∫

a

g(x) dx.

(b) Äëÿ ëþáîé íåïðåðûâíîé ôóíêöèè f(x) ïîñòîÿííûé ìíîæèòåëü ìîæíî âûíîñèòü

çà çíàê îïðåäåëåííîãî èíòåãðàëà:

b∫
a

k · f(x) dx = k

b∫
a

f(x) dx, k ∈ R.

2. Îïðåäåëåííûé èíòåãðàë ìåíÿåò çíàê ïðè ïåðåìåíå ìåñò ïðåäåëîâ èíòåãðèðîâàíèÿ:

b∫
a

f(x) dx = −
a∫
b

f(x) dx.

3. Àääèòèâíîñòü. Äëÿ ëþáûõ ÷èñåë a, b, c ÷èñëîâîé îñè

b∫
a

f(x) dx =

c∫
a

f(x) dx+

b∫
c

f(x) dx.

4. Ñâîéñòâà, âûðàæåííûå íåðàâåíñòâàìè.
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(a) Åñëè ∀x ∈ [a; b] âûïîëíÿåòñÿ íåðàâåíñòâî f(x) ≥ 0, òî

b∫
a

f(x) dx ≥ 0.

(b) Åñëè ∀x ∈ [a; b] âûïîëíÿåòñÿ íåðàâåíñòâî f(x) ≥ g(x), òî

b∫
a

f(x) dx ≥
b∫

a

g(x) dx.

(c) Îöåíêà îïðåäåëåííîãî èíòåãðàëà. Åñëè m è M , ñîîòâåòñòâåííî, íàèìåíüøåå è

íàèáîëüøåå çíà÷åíèÿ äëÿ ôóíêöèè y = f(x) íà [a, b], òî âûïîëíÿåòñÿ ñëåäóþùåå

íåðàâåíñòâî:

m(b− a) ≤
b∫

a

f(x) dx ≤M(b− a).

(d) Òåîðåìà î ñðåäíåì. Ïóñòü ∀x ∈ [a; b] ôóíêöèÿ f(x) íåïðåðûâíà. Òîãäà ñóùåñòâó-

åò òî÷êà c ∈ [a; b] òàêàÿ, ÷òî

b∫
a

f(x) dx = f(c) · (b− a).

×èñëî f(c) =
1

b− a

b∫
a

f(x) dx

íàçûâàåòñÿ ñðåäíèì çíà÷åíèåì ôóíêöèè f(x) íà [a, b]. Çíà÷åíèå îïðåäåëåííîãî

èíòåãðàëà ðàâíî, ïðè íåêîòîðîì c ∈ (a, b), ïëîùàäè ïðÿìîóãîëüíèêà ñ âûñîòîé

f(c) è îñíîâàíèåì b− a (ñì. ðèñ. íèæå).

q -

6

O

x

y

y = f(x)

f(c)

pppppppppppppppppppppp

q

c
q
a

q
b

(e) Ìîäóëü îïðåäåëåííîãî èíòåãðàëà íå ïðåâîñõîäèò èíòåãðàëà îò ìîäóëÿ ïîäûí-

òåãðàëüíîé ôóíêöèè: ∣∣∣∣∣∣
b∫

a

f(x) dx

∣∣∣∣∣∣ ≤
b∫

a

|f(x)| dx.
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5. Èíòåãðàë ñ ïåðåìåííûì âåðõíèì ïðåäåëîì è åãî ïðîèçâîäíàÿ. Ïóñòü ôóíêöèÿ y =

f(x) � íåïðåðûâíà ∀x ∈ [a; b]. S =
x∫
a

f(x) dx = Φ(x). Ïðè èçìåíåíèè ïîëîæåíèÿ

òî÷êè x èçìåíÿåòñÿ è ïëîùàäü êðèâîëèíåéíîé òðàïåöèè.

Çàìå÷àíèå. Çíà÷åíèå îïðåäåëåííîãî èíòåãðàëà íå çàâèñèò îò âûáîðà ïåðåìåííîé èí-

òåãðèðîâàíèÿ, ò.ê. îïðåäåëåííûé èíòåãðàë åñòü ïðåäåë èíòåãðàëüíûõ ñóìì, à çíà÷å-

íèå ïðåäåëà íå çàâèñèò îò ïåðåìåííîé, ñòîÿùåé ïîä çíàêîì ôóíêöèè, ïðåäåë êîòîðîé

èùåòñÿ. Ïîýòîìó äëÿ óäîáñòâà îáîçíà÷èì: Φ(x) =
x∫
a

f(t) dt.

Òåîðåìà. Ïðîèçâîäíàÿ îò èíòåãðàëà ñ ïåðåìåííûì âåðõíèì ïðåäåëîì ðàâíà ïîäûí-

òåãðàëüíîé ôóíêöèè ïðè ïîäñòàíîâêå â íåå ïåðåìåííîãî âåðõíåãî ïðåäåëà.

x∫
a

f(t) dt = Φ(x). Ñëåäîâàòåëüíî, Φ′(x) = f(x).

Ýòî îçíà÷àåò, ÷òî îïðåäåëåííûé èíòåãðàë ñ ïåðåìåííûì âåðõíèì ïðåäåëîì åñòü îäíà

èç ïåðâîîáðàçíûõ ïîäûíòåãðàëüíîé ôóíêöèè.

3.2.5. Çàìåíà ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå

b∫
a

f(ϕ((x)) · ϕ′(x) dx =

∣∣∣∣∣∣∣∣∣∣∣∣

t = ϕ(x)

dt = ϕ′(x)dx

x a b

t α β

α = ϕ(a), β = ϕ(b)

∣∣∣∣∣∣∣∣∣∣∣∣
=

β∫
α

f(t) dt.

Ïðèìåðû.

1. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë

1∫
0

x dx√
1 + x2

Ðåøåíèå.

1∫
0

x dx√
1 + x2

=

∣∣∣∣∣∣∣∣∣∣∣∣

çàìåíà

t = 1 + x2

dt = 2xdx→ dt
2

= xdx

x 0 1

t 1 2

∣∣∣∣∣∣∣∣∣∣∣∣
=

2∫
1

1

2

dt√
t

=
1

2

2∫
1

t
−1
2 dt =

1

2

2t
1
2

1

∣∣∣∣∣
2

1

=

=
√

2−
√

1 =
√

2− 1.

2. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë

2∫
1

√
x+ 4

x
dx.
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Ðåøåíèå.

2∫
1

√
x+ 4

x
dx =

∣∣∣∣∣∣∣∣∣∣∣∣

çàìåíà

x+ 4 = t2

dx = 2tdt

x 1 2

t
√

5
√

6

∣∣∣∣∣∣∣∣∣∣∣∣
=

√
6∫

√
5

t · 2tdt
t2 − 4

dt = 2

√
6∫

√
5

t2dt

t2 − 4
dt =

= 2

√
6∫

√
5

t2 − 4 + 4

t2 − 4
dt = 2

√
6∫

√
5

(
t2 − 4

t2 − 4
+

4

t2 − 4

)
dt = 2

√
6∫

√
5

dt+ 8

√
6∫

√
5

dt

t2 − 4
=

= 2t

∣∣∣∣∣∣∣
√
6

√
5

+
8

2 · 2
ln

∣∣∣∣t− 2

t+ 2

∣∣∣∣∣∣∣∣
√
6

√
5

= 2(
√

6−
√

5) + 2 ln

∣∣∣∣∣
√

6− 2√
6 + 2

∣∣∣∣∣− 2 ln

∣∣∣∣∣
√

5− 2√
5 + 2

∣∣∣∣∣
3. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë

5∫
4

x
√
x2 − 16 dx.

Ðåøåíèå.

5∫
4

x
√
x2 − 16 dx

∣∣∣∣∣∣∣∣∣∣∣∣

çàìåíà

t = x2 − 16

dt = 2xdx

x 4 5

t 0 9

∣∣∣∣∣∣∣∣∣∣∣∣
=

9∫
0

√
t
1

2
dt =

1

2

9∫
0

t
1
2 dt =

1

2
· 2t

3
2

3

∣∣∣∣∣
9

0

=

=
t
√
t

3

∣∣∣∣9
0

=
9
√

9

3
− 0
√

0

3
= 9.

3.2.6. Èíòåãðèðîâàíèå ïî ÷àñòÿì â îïðåäåëåííîì èíòåãðàëå

Êëàññû ôóíêöèé, èíòåãðèðóåìûõ ïî ÷àñòÿì â ï.4.1.6 "Èíòåãðèðîâàíèå ïî ÷àñòÿì â íåîïðå-

äåëåííîì èíòåãðàëå".

Åñëè ôóíêöèè u = u(x) è v = v(x) èìåþò íåïðåðûâíûå ïðîèçâîäíûå íà [a; b], òî èìååò

ìåñòî ôîðìóëà:
b∫

a

u · dv = u · v|ba −
b∫

a

v · du.

Ïðèìåðû.

1. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë:

π
3∫

0

x cosx dx
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Ðåøåíèå.

∫ π
3

0

x cosxdx =

∣∣∣∣∣∣∣∣∣
u = x

du = dx

dv = cosxdx

v = sinx

∣∣∣∣∣∣∣∣∣ = (x · sinx)

∣∣∣∣∣∣∣
π
3

0

−

π
3∫

0

sinx dx =

=
π

3
sin

π

3
− 0 + cosx

∣∣∣∣∣∣∣
π
3

0

=
π

3
·
√

3

2
+ cos

π

3
− cos 0 =

π

3
·
√

3

2
+

1

2
− 1 =

√
3π

6
− 1

2
.

2. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë:

e∫
1

(3 + 2x) lnx dx

Ðåøåíèå.

e∫
1

(3 + 2x) lnx dx =

∣∣∣∣∣∣∣
u = lnx

dv = (3 + 2x)dx

v =
∫

(3 + 2x) dx = 3x+ 2x
2

2
= 3x+ x2

∣∣∣∣∣∣∣ =

= (3x+ x2) lnx|e1 −
e∫

1

(3x+ x2)
1

x
dx = (3e+ e2) ln e− (3 · 1 + 12) ln 1−

e∫
1

(3 + x) dx =

= 3e+ e2 −
(

3x+
x2

2

)∣∣∣∣e
1

= 3e+ e2 −
((

3e+
e2

2

)
−
(

3 +
12

2

))
=
e2

2
+

7

2
=
e2 + 7

2
.

3.3. Ãåîìåòðè÷åñêèå ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà

3.3.1. Âû÷èñëåíèå ïëîùàäåé ïëîñêèõ ôèãóð

1. Êàê áûëî óïîìÿíóòî ïðè ðàññìîòðåíèè ãåîìåòðè÷åñêîãî ñìûñëà îïðåäåëåííîãî èíòå-

ãðàëà, ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé ñâåðõó ôóíêöèåé y = f(x),

f(x) > 0, ñíèçó îñüþ OX, ñëåâà ïðÿìîé x = a, ñïðàâà ïðÿìîé x = b, íàõîäèì ïî

ôîðìóëå S =
b∫
a

f(x) dx.
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2. ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé ñíèçó ôóíêöèåé y = f(x), f(x) < 0,

ñâåðõó îñüþ OX, ñëåâà ïðÿìîé x = a, ñïðàâà ïðÿìîé x = b, íàõîäèì ïî ôîðìóëå

S = −
b∫
a

f(x) dx.

q -

6

O
x

y

S

y = f(x)

q
a

q
b
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3. Ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè y = f(x) è y = g(x), ïðè óñëîâèè f(x) >

g(x), ïðÿìûìè x = a, x = b, ìîæíî íàéòè ïî ôîðìóëå

S =

b∫
a

f(x) dx−
b∫

a

g(x) dx =

b∫
a

(f(x)− g(x)) dx.

q -

6

O
x

y

y = f(x)

S

y = g(x)q
a

q
b
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4. Ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè y = f(x) è y = g(x), ïðè óñëîâèè f(x) > 0,

g(x) > 0, ïðÿìûìè x = a, x = b, f(x) ∩ g(x) 6= ∅ ìîæíî íàéòè ïî ôîðìóëå

S = S1 + S2 =

b∫
a

f(x) dx+

∫ b

a

g(x)dx =

b∫
a

(f(x) + g(x)) dx.

q -

6

O
x

y

y = f(x)

S2S1

y = g(x)
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q
a

q
c

q
b

Ïðèìåð. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè xy = 4, x+ y − 5 = 0.

Ðåøåíèå. Ïîñòðîèì ôèãóðó, äëÿ ýòîãî ïîñòðîèì ãðàôèê ãèïåðáîëû y = 4
x
è ïðÿìîé

y = 5− x. Íàéäåì òî÷êè ïåðåñå÷åíèÿ ýòèõ ëèíèé, äëÿ ýòîãî ðåøèì ñèñòåìó óðàâíåíèé.

{
y = 4

x

y = 5− x
⇔

{
5− x = 4

x

y = 5− x
⇔

{
x2 − 5x+ 4 = 0

y = 5− x
⇔


{
x = 1

y = 4{
x = 4

y = 1

-

6

x

y

S

@
@
@
@
@
@
@
@
@
@
@
@
@
@

q
O

q4

q1 q
1

q
4

y = 4
x

y = 5− x

B
BB
BB
B
BB
B
BB
B
BB
B
BB
B
BBBBB DD

Òîãäà âû÷èñëÿåì

S =

4∫
1

(
5− x− 4

x

)
dx = 5x− x2

2
−4 ln |x|

∣∣∣∣∣∣∣
4

1

= 5(4− 1)− 42

2
+

12

2
− 4 ln 4 + 4 ln 1 =
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= 15− 15

2
− 4 ln 4 =

15

2
− 4 ln 4 ≈ 1, 95åä.2

3.3.2. Âû÷èñëåíèå îáúåìîâ òåë âðàùåíèÿ

Ðàññìîòðèì êðèâîëèíåéíóþ òðàïåöèþ, îãðàíè÷åííóþ ëèíèÿìè: ñâåðõó ãðàôèêîì ôóíê-

öèè y = f(x), f(x) ≥ 0, ñíèçó îñüþ Ox, ñëåâà ïðÿìîé x = a, ñïðàâà ïðÿìîé x = b (ñì. ðèñ.

íèæå). È ïóñòü óêàçàííàÿ òðàïåöèÿ âðàùàåòñÿ âîêðóã îñè Ox. Ïîëó÷åííîå òåëî íàçûâà-

åòñÿ òåëîì âðàùåíèÿ. Ïðîâåäåì ÷åðåç ïðîèçâîëüíóþ òî÷êó x îñè Ox ñå÷åíèå ýòîãî òåëà

ïëîñêîñòüþ ïåðïåíäèêóëÿðíîé îñè Ox. Ýòî ñå÷åíèå åñòü êðóã ñ ðàäèóñîì y = f(x).

Ñëåäîâàòåëüíî, s(x) = πy2. Ïðèìåíÿÿ ôîðìóëó îáúåìà òåëà, ïîëó÷àåì:

Vx = π

b∫
a

f 2(x) dx.

q -

6

O
x

y

p p p p pp ppppppppppppppp

y = f(x)

S

q
a

q
b

Åñëè êðèâîëèíåéíàÿ òðàïåöèÿ îãðàíè÷åíà ëèíèÿìè: ñâåðõó ãðàôèêîì ôóíêöèè x =

ϕ(y), ϕ(y) ≥ 0, îñüþ Oy, ïðÿìûìè y = c, ñïðàâà ïðÿìîé y = d. Òî îáúåì òåëà, îáðàçîâàí-
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íîãî âðàùåíèåì ýòîé òðàïåöèè âîêðóã îñè Oy, ðàâåí

Vy = π

d∫
c

ϕ2(y) dy.

q -

6

O
x

y

p p p p p p p p p p p p p p p p p p p p p p p p p p p p

x = ϕ(y)

S

qc

qd

Ïðèìåð. Âû÷èñëèòü îáúåì òåëà, ïîëó÷åííîãî ïðè âðàùåíèè âîêðóã îñè Ox ôèãóðû,

îãðàíè÷åííîé ãðàôèêîì ôóíêöèè y = sinx, ïðÿìûìè y = 0, x = 0, x = π.

Ðåøåíèå. Ïîñòðîèì ôèãóðó.

q
O

-

6

x

y

y = sinx

q
−π

q
π

q
−π

2

q
π
2

VOx = π

π∫
0

sin2 x dx = π

π∫
0

1− cos 2x

2
dx =

π

2

π∫
0

(1− cos 2x) dx =

=
π

2

(
x− sin 2x

2

)∣∣∣∣π
0

=
π

2

(
π − 0− sin 2π

2
+

sin 2 · 0
2

)
=
π2

2
≈ 4, 93 åä.3

3.4. Íåñîáñòâåííûå èíòåãðàëû

Îïðåäåëåííûé èíòåãðàë îò íåïðåðûâíîé ôóíêöèè y = f(x) ñ êîíå÷íûì ïðîìåæóòêîì

èíòåãðèðîâàíèÿ [a; b] íàçûâàåòñÿ ñîáñòâåííûì èíòåãðàëîì. Äàëåå, ðàññìîòðèì íåñîá-

ñòâåííûå èíòåãðàëû äâóõ âèäîâ.

1. Èíòåãðàë îò íåïðåðûâíîé ôóíêöèè y = f(x), íî ñ áåñêîíå÷íûì ïðîìåæóòêîì èíòå-

ãðèðîâàíèÿ � íåñîáñòâåííûé èíòåãðàë I ðîäà.
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2. Èíòåãðàë ñ êîíå÷íûì ïðîìåæóòêîì èíòåãðèðîâàíèÿ, íî îò ôóíêöèè, êîòîðàÿ òåðïèò

ðàçðûâ II ðîäà íà ýòîì ïðîìåæóòêå � íåñîáñòâåííûé èíòåãðàë II ðîäà.

1. Íåñîáñòâåííûå èíòåãðàëû I ðîäà.

Ê íåñîáñòâåííûì èíòåãðàëàì I ðîäà îòíîñÿò èíòåãðàëû ñëåäóþùåãî âèäà:

+∞∫
a

f(x) dx = lim
b→+∞

b∫
a

f(x) dx

b∫
−∞

f(x) dx = lim
a→−∞

b∫
a

f(x) dx.

Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà è íåïðåðûâíà íà ïðîìåæóòêå [a; +∞). Ðàññìîò-

ðèì èíòåãðàë I(b) =
b∫
a

f(x) dx. Ýòîò èíòåãðàë èìååò ñìûñë ïðè ëþáîì b > a.

Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim
b→+∞

b∫
a

f(x) dx,

òî ýòîò ïðåäåë íàçûâàåòñÿ íåñîáñòâåííûì èíòåãðàëîì ïåðâîãî ðîäà îò ôóíê-

öèè f(x) è îáîçíà÷àåòñÿ:
+∞∫
a

f(x) dx.

Òàêèì îáðàçîì, èìååì
+∞∫
a

f(x) dx = lim
b→+∞

b∫
a

f(x) dx (1)

Åñëè ïðåäåë ñóùåñòâóåò, òî íåñîáñòâåííûé èíòåãðàë íàçûâàåòñÿ ñõîäÿùèìñÿ è åãî

çíà÷åíèå ðàâíî çíà÷åíèþ ïðåäåëà. Åñëè ïðåäåë íå ñóùåñòâóåò èëè ðàâåí ∞, òî èí-

òåãðàë íàçûâàåòñÿ ðàñõîäÿùèìñÿ.

Ãåîìåòðè÷åñêèé ñìûñë íåñîáñòâåííîãî èíòåãðàëà I ðîäà � ïëîùàäü êðèâîëèíåéíîé

òðàïåöèè, îãðàíè÷åííîé ñâåðõó ãðàôèêîì ôóíêöèè y = f(x), ñ÷èòàåì, ÷òî f(x) ≥ 0,

ñëåâà ïðÿìîé x = a, ñíèçó ïðÿìîé y = 0 (ñì. ðèñ.).

-

6
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y

q
O
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x

q
a
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p

q
b
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Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà è íåïðåðûâíà íà ïðîìåæóòêå (−∞; b].

Àíàëîãè÷íûì îáðàçîì îïðåäåëÿåòñÿ íåñîáñòâåííûé èíòåãðàë:

b∫
−∞

f(x) dx = lim
a→−∞

b∫
a

f(x) dx (2)

Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà è íåïðåðûâíà íà (−∞; +∞).

Íåñîáñòâåííûé èíòåãðàë ñ äâóìÿ áåñêîíå÷íûìè ïðåäåëàìè îïðåäåëÿåòñÿ ôîðìóëîé:

+∞∫
−∞

f(x) dx =

c∫
−∞

f(x) dx+

+∞∫
c

f(x) dx (3)

ãäå c � ïðîèçâîëüíîå ÷èñëî. Ïðè ýòîì èíòåãðàë (3) ñëåâà ñõîäèòñÿ ëèøü òîãäà, êîãäà

ñõîäÿòñÿ îáà èíòåãðàëà ñïðàâà. Åñëè õîòÿ áû îäèí èç äâóõ èíòåãðàëîâ ñïðàâà â

ôîðìóëå (3) ðàñõîäèòñÿ, òî èíòåãðàë ñëåâà ðàñõîäèòñÿ.

Ïðèìåðû.

(a) Âû÷èñëèòü
+∞∫
1

dx

x4

Ðåøåíèå.

+∞∫
1

dx

x4
= lim

b→+∞

b∫
1

dx

x4
= lim

b→+∞

−1

3x3

∣∣∣∣b
1

= lim
b→+∞

(
−1

3b3
− −1

3 · 1

)
=

1

3
.

Ïîñêîëüêó ïðåäåë ñóùåñòâóåò è êîíå÷åí, òî èñõîäíûé èíòåãðàë ñõîäèòñÿ è åãî

çíà÷åíèå ðàâíî 1
3
.

(b) Âû÷èñëèòü
+∞∫
−∞

dx

1 + x2

Ðåøåíèå.

+∞∫
−∞

dx

1 + x2
=

0∫
−∞

dx

1 + x2
+

+∞∫
0

dx

1 + x2
= lim

a→−∞

0∫
a

dx

1 + x2
+ lim

b→+∞

b∫
0

dx

1 + x2
=

= lim
a→−∞

arctg x|0a+ lim
b→+∞

arctg x|b0 = arctg 0− lim
a→−∞

arctg a+ lim
b→+∞

arctg b−arctg 0 =

= −
(
−π
2

)
+
(π

2

)
− 0 = π.

Ïîñêîëüêó ïðåäåë ñóùåñòâóåò è êîíå÷åí, òî èñõîäíûé èíòåãðàë ñõîäèòñÿ è åãî

çíà÷åíèå ðàâíî π.
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(c) Âû÷èñëèòü
+∞∫
0

cosx dx

Ðåøåíèå.

+∞∫
0

cosx dx = lim
b→+∞

sinx|b0 = lim
b→+∞

(sin b− sin 0) = lim
b→+∞

sin b.

Íî ïîëó÷åííûé ïðåäåë íå ñóùåñòâóåò, ñëåäîâàòåëüíî, èñõîäíûé èíòåãðàë ðàñ-

õîäèòñÿ.

Òåîðåìà (ïðåäåëüíûé ïðèçíàê ñðàâíåíèÿ.) Ïóñòü ôóíêöèè f(x) > 0 è g(x) > 0.

Åñëè ñóùåñòâóåò ïðåäåë

lim
x→+∞

f(x)

g(x)
= k, 0 < k < +∞,

òî èíòåãðàëû
+∞∫
a

f(x) dx è
+∞∫
a

g(x) dx îäíîâðåìåííî îáà ñõîäÿòñÿ èëè îáà ðàñõîäÿòñÿ.

Çàìå÷àíèå. Ñðàâíåíèå ïðîèçâîäèì ñ êàíîíè÷åñêèì èíòåãðàëîì

+∞∫
a

dx

xn
.

Âû÷èñëèì åãî, ïðåäïîëàãàÿ, ÷òî n > 1:

+∞∫
a

dx

xn
= lim

b→+∞

1

(−n+ 1)xn−1

∣∣∣∣b
a

= lim
b→+∞

1

(−n+ 1)bn−1
− 1

(−n+ 1)an−1
= − 1

(−n+ 1)an−1
,

ñëåäîâàòåëüíî, èñõîäíûé èíòåãðàë ñõîäèòñÿ. Ïðåäïîëàãàåì, ÷òî n < 1, òîãäà

+∞∫
a

dx

xn
= lim

b→+∞

1

(−n+ 1)xn−1

∣∣∣∣b
a

= +∞,

ñëåäîâàòåëüíî èñõîäíûé èíòåãðàë ðàñõîäèòñÿ.

Íàêîíåö, âû÷èñëèì åãî, ïðåäïîëàãàÿ, ÷òî n = 1:

+∞∫
a

dx

x
= lim

b→+∞
ln |x||ba = lim

b→+∞
ln |b| − ln |a| = +∞,

ñëåäîâàòåëüíî, èñõîäíûé èíòåãðàë ðàñõîäèòñÿ. Òàêèì îáðàçîì,

+∞∫
a

dx

xn
ñõîäèòñÿ ïðè n > 1

ðàñõîäèòñÿ ïðè n ≤ 1
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Ïðèìåð. Èññëåäóéòå íà ñõîäèìîñòü èíòåãðàë:

+∞∫
1

dx

3x5 + 6x3 − 7x

Ðåøåíèå. Ðàññìîòðèì ïðåäåë îòíîøåíèÿ äâóõ ôóíêöèé f(x) = 1
3x5+6x3−7x è g(x) = 1

xn
:

lim
x→+∞

1
3x5+6x3−7x

1
xn

=
xn

3x5 + 6x3 − 7x
= | âîçüìåì n = 5 | = 1

3
.

Òàê êàê ïðåäåë îòíîøåíèÿ äâóõ ôóíêöèé êîíå÷åí, òî èíòåãðàëû îò ýòèõ ôóíêöèé âå-

äóò ñåáÿ îäèíàêîâî. Íî èíòåãðàë
+∞∫
a

dx
x5
ñõîäèòñÿ, ñëåäîâàòåëüíî, èñõîäíûé èíòåãðàë

ñõîäèòñÿ ïî ïðåäåëüíîìó ïðèçíàêó ñðàâíåíèÿ.

2. Íåñîáñòâåííûå èíòåãðàëû II ðîäà.

Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà è íåïðåðûâíà íà ïðîìåæóòêå [a; b), à ïðè x = b

ëèáî ôóíêöèÿ íå îïðåäåëåíà, ëèáî òåðïèò ðàçðûâ II ðîäà.

Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim
ε→0

b−ε∫
a

f(x)dx,

òî ýòîò ïðåäåë íàçûâàåòñÿ íåñîáñòâåííûì èíòåãðàëîì âòîðîãî ðîäà îò ôóíê-

öèè f(x) è îáîçíà÷àþò:
b∫

a

f(x)dx.

Òàêèì îáðàçîì,
b∫

a

f(x)dx = lim
ε→0

b−ε∫
a

f(x) dx (1)

Åñëè ïðåäåë ñóùåñòâóåò, òî íåñîáñòâåííûé èíòåãðàë íàçûâàåòñÿ ñõîäÿùèìñÿ è åãî

çíà÷åíèå ðàâíî çíà÷åíèþ ïðåäåëà. Åñëè ïðåäåë íå ñóùåñòâóåò èëè ðàâåí ∞, òî èí-

òåãðàë íàçûâàåòñÿ ðàñõîäÿùèìñÿ.

q
O

-

6

x

y

y = f(x)

b− ε
ε > 0

ppppppppppppppppppppppppppppq bpq
a

Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà è íåïðåðûâíà ïðè âñåõ a < x ≤ b, à ïðè x = a
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ëèáî ôóíêöèÿ íå îïðåäåëåíà, ëèáî òåðïèò ðàçðûâ II ðîäà. Àíàëîãè÷íî,

b∫
a

f(x) dx = lim
ε→0

b∫
a+ε

f(x) dx (2)

q
O

-

6

x

y

y = f(x)

pppppppppppppppppppppppppppppppppp

ppppppppq
b

q
a
a+ ε

Åñëè ôóíêöèÿ y = f(x) òåðïèò ðàçðûâ âî âíóòðåííåé òî÷êå c ∈ [a, b], òî

b∫
a

f(x) dx =

c∫
a

f(x) dx+

b∫
c

f(x) dx (3)

Ïðè ýòîì èíòåãðàë ñëåâà â (3) ñõîäèòñÿ ëèøü òîãäà, êîãäà ñõîäÿòñÿ îáà íåñîáñòâåí-

íûõ èíòåãðàëà ñïðàâà. Â ïðîòèâíîì ñëó÷àå, èíòåãðàë ðàñõîäèòñÿ.

q
O

-

6
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y

pppppppppppppqpppcq
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q
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Ïðèìåðû.

(a) Âû÷èñëèòü
1∫

0

dx√
1− x

Ðåøåíèå.

1∫
0

dx√
1− x

= lim
ε→0

1−ε∫
0

dx√
1− x

= lim
ε→0

−
√

1− x
1
2

∣∣∣∣1−ε
0

= − lim
ε→0

2(
√

1− (1− ε)−
√

1− 0) =

0 + 2 · 1 = 2.

Ïîñêîëüêó ïðåäåë ñóùåñòâóåò è êîíå÷åí, òî èñõîäíûé èíòåãðàë ñõîäèòñÿ è åãî

çíà÷åíèå ðàâíî 2.

(b) Âû÷èñëèòü
1∫

−1

dx

x3

Ðåøåíèå.
1∫

−1

dx

x3
=

0∫
−1

dx

x3
+

1∫
0

dx

x3
= lim

ε→0

0−ε∫
−1

dx

x3
+ lim

ε→0

1∫
0+ε

dx

x3
.

Ðàññìîòðèì êàæäûé èíòåãðàë îòäåëüíî:

lim
ε→0

0−ε∫
−1

dx

x3
= lim

ε→0

1

−2x2

∣∣∣∣0−ε
−1

=
−1

2

(
lim
ε→0

1

(0− ε)2
− 1

(−1)2

)
=∞,

ñëåäîâàòåëüíî, èíòåãðàë ðàñõîäèòñÿ.

lim
ε→0

1∫
0+ε

dx

x3
= lim

ε→0

1

−2x2

∣∣∣∣1
0+ε

=
−1

2

(
1

12
− 1

(0 + ε)2

)
=∞,

ñëåäîâàòåëüíî, èíòåãðàë ðàñõîäèòñÿ. Èòîãî, èñõîäíûé èíòåãðàë ðàñõîäèòñÿ.

Òåîðåìà (ïðåäåëüíûé ïðèçíàê ñðàâíåíèÿ.) Ïóñòü ôóíêöèè f(x) > 0 è g(x) > 0

� íåïðåðûâíû íà ïðîìåæóòêå [a, b) è â òî÷êå x = b òåðïÿò ðàçðûâ. Åñëè ñóùåñòâóåò

ïðåäåë

lim
x→b

f(x)

g(x)
= k, 0 < k < +∞,

òî èíòåãðàëû
b∫
a

f(x) dx è
b∫
a

g(x) dx îäíîâðåìåííî îáà ñõîäÿòñÿ èëè îáà ðàñõîäÿòñÿ.

Çàìå÷àíèå. Ñðàâíåíèå ïðîèçâîäèì ñ êàíîíè÷åñêèì èíòåãðàëîì

b∫
a

dx

(b− x)n
.
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Âû÷èñëèì åãî, ïðåäïîëàãàÿ, ÷òî n > 1:

b∫
a

dx

(b− x)n
= lim

ε→0

1

(−n+ 1)(b− x)n−1

∣∣∣∣b−ε
a

= lim
ε→0

1

(−n+ 1)(b− b− ε)n−1
− 1

(−n+ 1)an−1
=

[
∞− 1

(−n+ 1)an−1

]
= [∞],

ñëåäîâàòåëüíî, èñõîäíûé èíòåãðàë ðàñõîäèòñÿ. Ïðåäïîëàãàåì, ÷òî n < 1, òîãäà

b∫
a

dx

(b− x)n
= lim

ε→0

1

(−n+ 1)(b− x)n−1

∣∣∣∣b−ε
a

=
(b− (b− x))−n+1

(−n+ 1)
− a−n+1

(−n+ 1)
=

= 0− a−n+1

(−n+ 1)
=

a−n+1

(−n+ 1)
,

ñëåäîâàòåëüíî èñõîäíûé èíòåãðàë ñõîäèòñÿ.

Íàêîíåö, âû÷èñëèì åãî, ïðåäïîëàãàÿ, ÷òî n = 1:

b∫
a

dx

(b− x)
= lim

ε→0
− ln |b− x||b−εa = lim

ε→0
ln |b−(b−ε)|−ln |b−a| = [−∞−ln |b−a|] = [−∞],

ñëåäîâàòåëüíî, èñõîäíûé èíòåãðàë ðàñõîäèòñÿ.

Òàêèì îáðàçîì,
b∫

a

dx

(b− x)n
ñõîäèòñÿ ïðè n < 1

ðàñõîäèòñÿ ïðè n ≥ 1

Â ñëó÷àå, åñëè îñîáîé òî÷êîé ÿâëÿåòñÿ òî÷êà x = a, òî ñðàâíåíèå ïðîèçâîäèòñÿ ñ

êàíîíè÷åñêèì èíòåãðàëîì âèäà
b∫

a

dx

(a+ x)n
.

Àíàëîãè÷íî,
b∫

a

dx

(a+ x)n
ñõîäèòñÿ ïðè n < 1

ðàñõîäèòñÿ ïðè n ≥ 1

Ïðèìåð. Èññëåäóéòå íà ñõîäèìîñòü èíòåãðàë:

1∫
1
3

dx

sin(3x− 1)
.

Ðåøåíèå.

Îòìåòèì, ÷òî îñîáîé òî÷êîé ÿâëÿåòñÿ òî÷êà x = 1
3
. Ðàññìîòðèì ïðåäåë îòíîøåíèÿ

äâóõ ôóíêöèé f(x) = 1
sin(3x−1) è g(x) = 1

1
3
−x :

lim
x→ 1

3

1
sin(3x−1)

1
1
3
−x

= lim
x→ 1

3

1
3
− x

sin(3x− 1)
= lim

x→ 1
3

1
3
− x

sin 3
(
x− 1

3

) =

[
0

0

]
= − lim

x→ 1
3

x− 1
3

sin 3
(
x− 1

3

) = −1

3
.
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Òàê êàê ïðåäåë îòíîøåíèÿ äâóõ ôóíêöèé ñóùåñòâóåò è êîíå÷åí, òî èíòåãðàëû îò

ýòèõ ôóíêöèé âåäóò ñåáÿ îäèíàêîâî. Íî èíòåãðàë
1∫
1
3

dx

( 1
3
−x)

ðàñõîäèòñÿ, ñëåäîâàòåëüíî,

èñõîäíûé èíòåãðàë ðàñõîäèòñÿ ïî ïðåäåëüíîìó ïðèçíàêó ñðàâíåíèÿ.
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